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Oritical Notice of the Manuscripts of the 
Eekhaganita. 

The editioB of the Bekhaganita was imdertakeri for the 
Bombay Sanskrit Series by the late Mr. HarilM Harshadarai 
DhriiYa B. A., L L. B., D. L. A, ( Sweden), M. R. A, S. (London 
and Bombay ), M. P. T. S., &c., &c., City Joint Judge and Ses- 
sions Judge, Baroda. He read a paper on the Rekbaganita at 
the VIII International Congress of Orientalists, Stockholm 
and Christiania, which he attended as a Pandit Representative 
Delegate of His Highness, the Maharaja Slyaji Rao G&ekwad 
of Baroda. He intended to publish the work in three volumes, 
the first volume to contain the text, the second to contain the 
English notes, and the third to contain Varice Lectiones, The 
matter for the 1st Volume was sent to the Curator, Government 
Central Book Dep6t, Bombay, for publication and it was 
entrusted to the Nirnayas§.gar Press. But the press returned 
it to the author, as the figures for Propositions were in most 
cases wanting. The manuscript thus returned remained with 
him till his death. It is a matter of great sorrow that the 
eminent scholar was not spared by Providence to finish the 
work he began very zealously. 

The manuscript, that was sent to the press and was returned 
for want of figures, was handed over to me by Mr. Dhruva’s 
widow. I took it up and thought that the work would he 
soon ready as figures alone were wanting. To my great 
surprise, however, I found that it was a copy of a single 
manuscript. The copy was made by a S'astri of Amreli 
in Kathi^wS^d. I I 

is what is found at the end of the manuscript. On exa- 
mining it minutely I found that it was incorrect on 
almost every page of it. It was now evident that I had 
not simply to supply figures, but to settle the text as 



well. Thereupon I asked Mr. Dhriiva's widow if she had 
any other m of the work with her, and she 

handed over to me two manuscripts. One of these breaks up 
at the end of the fifth book and is without figures. The 
second has figures here and there ; but they are in most cases 
incorrect and without letters. This manuscript is also incom- 
plete. It goes almost to the end of the third book and then 
begins with the 15th proposition of the tenth book and comes 
up to the end of the work. Thus neither of the two manu- 
scripts was of great use to me. I then secured other manu- 
scripts of the work and two very valuable editions of Euclid 
from England and settled the text and the figures with the 
help of these. 

It is thus clear that Mr. Dhruva did not live to do anything 
more than get a manuscript of the work copied by an Amreli 
S'&stri. It is a matter of regret that the work did not get 
through his scholarly hands. The collation of Mss. from 
different parts of India to settle the text, the construction of 
figures, the English notes, the Critical Notice of Manuscripts 
and the Introduction, all this being my work, the shortcom- 
ings of the present edition, whatever they may be, are wholly 
attributable to me. 

The present edition is based upon the following manuscripts : — 

( I ) The copy of a manuscript, received from Mr. Dhruva’s 
widow. I suppose it is the same manuscript that Mr. Dhruva 
speaks of in his ‘BarodS, State Delegate’. ‘T owe it,” says he, 
“to my friend, Rao BahMur. Justice Janardan Sakharam Gadgil, 
B. A., LL, B., F. T. S., of the High Court of Judicature, Baroda 
State, to be able to present this work to the learned assembly 

here I can do no better than give in the words of 

Mr. Justice G&dgil himself how the manuscript of the wwk 
under notice was brought to light. 'The original Ms. was found 
in the Library of the late celebrated BM Gangadhar S'^stri 
Jambhekar by Aba Sastri Bakre. I got a copy made of the 
Ms.’ — which original, kindly lent to me by the gentleman, I 
hold in my hand at present. Mr. Justice GadgiFs copy was 
made in Y S. 1942 (A. C.1886). The date of the original 
Ms. now with me is V. S. 1886 ( A, D. 1830) “Kartek ( Sans, 


Kk'tika ) Sndi 5” in the words of the writer. The Ms. 
extends over 144 donble pages and a portion - more. Each 
single page contains 29 lines on an average and each line 
contains an average of 25 letters. The copy is written in bold 
beantifal Devan^arl characters, and the text contains some 
mistakes in writing....,..,,.,,’’ 

‘The geometrical figures for most of the propositions are very 
neatly drawn. I say most of the propositions, because for some 
of them, they are wanting...,,...,.,.’ 

This Ms. I have designated D. 

II. A Ms. obtained from Mr. Dhruva’s widow. It begins 
with W! I l’* This is the 

Ms. of which Mr. Dhruva says, “It is to Pandit Durg^rasada^s 
find that we owe the discovery of Euclid, being the original 
author, whose Elements of Geometry Jagannatha Samr^ 
translated. One of the Mss. lent to me by the Pandit has at 
the beginning a note It 

is an incomplete Ms. It goes on regularly till about the end of 
the Third Book. The last line of the Ms, on page 66 is 
trsfR s*r^1%iTg; Up 

to page 66 no page is wanting and all the pages are correctly 
numbered. After this page, there is a long gap and though 
the next page is numbered 67, it begins with the last portion 
of proposition 14, Book X. The first line on the page is, 

After this the Ms. goes on regularly to 

the end. The pages are correctly numbered up to the 70th 
page. From the next page they are numbered afresh, as one, two, 
three &c., and the last page is 65. The opening page of the 
Ms. has Thus there are in all 135 pages. 

Figures are given in the first 66 pages, but most of them are 
incorrect. In the last 69 pages no figures are given in Book 
X., though a vacant space is left for every figure, and the 
figures that are given here and there in the remaining books 
are quite incorrect. The Ms. has the following colophon: — 

* Baroda State Delegate p, VII. and VIIL ; . 
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^ 3^% WitOIT I 

u 

4prfT^ 551:1 

JI^T^ JWr ?T5^ 4iU|<*l»irc^^d^' II 

5rw^ 5T^S5j^ II’ 



This Ms. is designated A. It is not quite correct. 

III. This is the other Ms. I got from Mr. Dhruva’s widow. 
It is a very neat and correct Ma, but it is incomplete. It goes 
to the end of the Fifth Book. It has no figures. It consists 
of 85 double pages and has ten lines on each page. This is 
probably the Ms., of which SAstii Durgaprasada Dviveda, 
Professor, Sanskrit College, Jeypore, wrote to me as follows in 
reply to my letter to him requesting him for a loan of a Ms. 
of the work : — 


^lir?!^ — f%?Tf^nra #l«!Hi«bl:ui 5j3iT5n;j5^: m|75|3;! 

W5Tfoigd5?B5coi®rm- 

f5nr: I ?ra; 1 ^rat 

3w«mT5ri!=!rTT tl^rfor g^i^iwr ^f^yTffgnrf ^ ^ m r^rg gg f ^ rT sr spr^r- 

I a[«m ?iR5?r^t5i5^ ( 5ispi rrt^rt: ^- 

?TfNr) 1 gtpgsK -. 

^ 1 3%5r«rff^irf^ ^ ^ p f lf5 i ' 5 3 ; 1 
5ja5E5rt g^cra^^qirrcjnf^rat Jrrera 1 % 5 qsfitqRrrssrrjrRTJTT- 

foRt 5nsiRrwr5pii5rm!=cn 1 TarnsRi^iK- 

?n5TO g^nr f5r^ Jrff 5nj: 1 grar dsnrfhragi^^vr ^ 

^ g i fPd<**ii^5i^ sT^g; I’* 

This Ms. is designated B. 

IV. The fourth Ms. collated for the present edition belongs 
t o the Government Sanskrit Co llege, Benares, and %vas kindly 

* The letter is given in full to shew how difficult it is to secure a 
correct and complete Ms. of the work even from Jeypore, the place of its birtln 
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leiiti to me by Mr. Artbiir Venis, M. A., Principal of tlie College. 
In reply to my letter of tlie 13th December 1898 he was good 
enongh to send me the Ms. on the 24th idem. The note on 
the Ms. in the College Library is 

' , The Ms. begins as follows :^ — 

m: I to; I to; \ ^ 

TOtfro I 

TOTftr fTOTOTOC (I 

verses dedicated to Ganes'^a are thus in 
this Ms. in a different form. It is a complete Ms, in a book- 
form on country-paper, and appears to be old as many pages 
are eaten by white ants on their border. Though the Ms. is 
incorrect, does not contain all the figures and those that are 
given are inaccurate, particularly in the latter portion, still it 
was of great use to me in filling up the omission of lines 
on manjT* pages in Mr. Dhruva^s Ms. sent to the press. The 
Principal was kind enough to allow me to keep it with me for a 
long time and I returned it to him on the 29th March 1901 
after the whole text of my first volume and a part of the 
second volume were printed off. 

This Ms. is designated K. 

V. The fifth Ms. was obtained from His Highness, the 
Mahl,rajas Sanskrit College, Trivandrum, through my friend 
Prof. S. Kadhakrishna Aiyar B. A„ F, M. U., Principal of His 
Highness the Mahai§j|a's College, Pudukota. This is a very 
neat Ms. in a book-form. But on comparing it with the above 
Ms., I found it an exact copy of it. It was not therefore of use 
for collation. It contains a few figures not found in the 
Benares Ms. 

VI. Having learnt that there was a complete Ms. of the 
work in the library of His Highness, the Maharaja of Kashmir, 
deposited in the Eaghunatha Temple, I applied to Dr. M. A* 
Stein, M. A., late Principal of the Oriental College, lAhore, for 
a loan of it and received the following reply from bim 
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® I have duly receivedyour letter of 27th iilt. ( i a Noveiiiber 
1898 ) concerning the loan of the Jammu Ms. of the Bekha* 
ganita which you desire to collate. 

Your name and work are well known to me and it would be 
a pleasure to me to assist you in the scientific task you have 
undertaken in the place of the late Mr, Dhruva, 

The Raghunatha Temple Library o£ H. H. the Mahfiraja of 
Jammu is not under my control, though the cataloguing of its 
Sanskrit Mss. has been prepared and published by me 
( Bombay 1894 ). I am not authorized to arrange for the loan 
of Mss. outside Jammu, though I myself am allowed to use 
works from the collection which was first arranged and cata- 
logued by me at Lahore, 

Certain Draft Rules regulating the loan of Mss. which were 
proposed with a view to facilitating access to the Library are 
still under consideration by the Durbar. I do not know 
whether and w^hen they will be adopted. 

In the meantime I would recommend only two courses. 
You might ask the Director of Public Instruction, Bombay, to 
apply officially for the loan of the Ms. through the Resident 
in Kashmir, Sialkot. In this way alone there would be a 
chance of the Ms. being made available for your direct use...../ 

I then adopted the course proposed in this letter, and 
the Hon. Mr, E. Giles M. A., Director of Public Instruction? 
was kind enough to apply to the Assistant Resident, Kashmir, 
for the loan of the Ms. The Assistant Resident for’warded 
the correspondence to the Vice-President, Kashmir State 
Council, and the reply from him was that His Highness 
expressed his inability to forward the original manuscript, but 
that a true copy could be furnished on payment of the wages 
of the copyist. Thus, notwithstanding all the trouble so kind- 
ly taken by the Hon. Mr. Giles, the Ms. was not made available 
for my direct use; and since I had to be satisfied with a copy, I 
did not think it advisable to get the copy of the whole Ms. as 
I learnt that it was incorrect and lacked figures like other Mss. 
of the work. I, however, got a true copy of 10th, 11th and 
12th Books, the text of which, it was the most difficult to settle, 
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as the books are the hflriioof ^1. , 

Gokulachandra of the -Ra!? ^ ^ ® Gaiigadhai-a P. 

mentioned by Dr St^n Temple, Jammu, who was 

son to get the work accumM^ ^ per- 

he was kind enough to seeur^ 

12th Adhyayas ^ ^ the 10th, 11th, and 


This Ms* is designated J. 


other Ma in the LibraxrTn 
Benares. My attentL to ft 

Sudhakara Dvivedi’s artiol Mah^mahopMhy^ya 

Ganakatarafigini I annltL Jagann^tha in his 

wliA wrAtP frt * PI Principal of the College 

who wiote to me » Ulom in reply to m, iLr :- 

g=§5TR s^irsTTWsrr- 

fv. ^pgirtir 5r 5^^ ^ 


I replied to the Principal: 


- j : — -V, v**^ xxiuuipai: 




nortant^s *Tf^ whole Ma, part by part. It is 
^rtontMs. ft WM copied tor Eng JajaeWM 

f" «=ribeLekam.,i in the Soffivt 

Thp pnlnnTi ' f f ’ ®tiortly after the work was 

The colophon of the Ms. runs as under:- 

< m « ) ^ 

secured and 

say that I had great satisfac^ in securing it. It 


a very im- 
himself by 
year 1784 
composed. 


I need not 


is wanting 


comDOsed Samr^j about the time the work was 

was made under the” Mdm^oT J 

Tavaqimha mnsf ^ laganuatha Samraj or the King himself, 

him with a copy and^Ta ^agannatha 8amraj, his protege, to supply 

Biobably his Dunil i tia turn, must have directed Lokamani, 

pioDaoiy ms pupil, to do the work. 


ia a few pages. The remark on the last page clearly shews 
the pages that are wanting 

It contains 292 pages in all It is a very correct Ms. and 
is nicely written in Devanagari characters. It contains all the 
figures very accurately drawn with letters distinctly marked. 
Having received it after the first nine books were printed ofi, 
I have given its vdTcs lectiows in the Appendix. From the 10th 
Book, they are put down in the foot-notes along with those of 
other Mss. I had great satisfaction in finding that the text 
settled for this edition and the figures constructed by 
corresponded with those in the Ms. Unfortunately the mos& 
important portion of the Ms., pages 188-219, dealing with the 
Tenth Book, Prop. 16 to Prop. 101, is lost. A few technical 
terms in the Fifth Book are in this Ms. explained in the 
margin. The words used in explaining them are 1 %^- 

^5 1 %^%? 

and These are Arabic words and 

the work being copied within a few years of its compilation, 
they go to support the theory of the work having an Arabic 
work as its original. 

The Ms. is designated V. 

The two books which were of great use to me in the con- 
struction of some of the figures, particularly figures of the latter 
portion, were the well-known Gregory’s edition of 1703 contain- 
ing all the fifteen books in the Latin and the Greek and ob- 
tained from England through my pupil, Mr. Triumbakrao 
J^davr^o Des^, Barrister at Law, and another excellent edition, 
published in London in 1570 by Mr. H. Billingsley. It is the 
first translation into English of Euclid's work as its title-page 
which runs as under shews :— 

* The difficulty of canstructiug figures will be understood, when it is 
borne in mind that most of the alternative proofs given by Pandit Jagannatha 
are not found in any English edition, that many intermediate steps in the 
proofs of Propositions are omitted, that no authorities are given and that the 
letters ^ and ^ occasion a deal of confusion on account of the carelessness of 
copyists. 
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‘The Elements of Geometrie of the most auncient Philoso- 
pher Evclide of Megara. 

Faithfully ( now first ) translated into the Englishe toimg by 
H. Billingsley, citizen of London. 

Whereunto are annexed certaine scholies, annotations and 
inuentions, of the best mathematiciens, both of time past, and 
in this our age. 

With a very fruitfull Praeface made by M. J. Dee, specifying 
the chief mathematical! scieces, what they are and wheriinto 
commodious : where, also, are disclosed certaine new secrets 
mathematical! and mechanicall untill these our daies greatly 
missed. 

Imprinted at London by John Daye.’ 

The Preface of Mr. Dee bears the year 1570. It has at its 
end the remark: — 

‘Written at my poor house at Mortlake. 

Anno. 1570. February 9.’ 

The Title-page is a beautiful one, having the ten pictures of 
Ptolomeus, Martinus, Aratus, Strabo, Hipparchus, Polibius, 
Geometria, Astronomia, Arithmetica and Musica and a motto 
Vvinere Virescit Veritas. 

This valuable work contains 16 books. In the introductory 
remarks on the fourteenth book, it is said that Apollonius was 
the first author of the book, which was afterwards set forth 
by Hypsicles. Mr. Billingsley quotes from the Preface of 
Hypsicles to the 14th book in support of his statement. 
“ Basilides of Tire ( say th Hypsicles ) and my father together, 
scanning, and peysing a writing or booke of Appollonius, 
which was of the comparison of a dodecahedron to an 
icosahedron inscribed in one and the selfe same sphere, and 
what proportion these figures had the one to the other, found 
that Apollonius had fayled in this matter. But afterward 
(sayth he) I found another copy or booke of Apollonius, 
wherein the demonstration of that matter was full and perfect 
and shewed it unto them, whereat they much rejoysed. By 
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which v?ordes it semeth to be manifest that Apollonius was 
the first author of this booke, which was afterward set forth by 
Hypsicles. For so his own wordes after in -the same preface 
seme to import." Billingsley gives the 14th book as set forth 
both by Hypsicles and Flussas, and the 15th book as set 
forth by Hypsicles and Campane and Flussas. The 16tli 
book, which he says, is added by Flussas, contains 37 Proposi- 
tions. Billingsley’s edition of Euclid is a very important book. 
It is a big volume of 463 folios and was with great difficulty 
purchased from Messrs. Bernard Quaritch, 16 Piccadilly, 
through Mr. Edward Seymore Hale of Bombay. This book was 
of great use to me in settling figures of Propositions of the 
10 th hook which is the hardest of all, as it deals with incom- 
mensurable quantities. 



INTRODUCTION. 


THE bekhaganita: its contents. 

The Rekhaganita or the Science of Geometry is a Sanskrit 
version of Euclid’s Elements of Geometry by Samr^ Jagann^- 
tha under the orders of Jayasimha, king of Jeypore. It con- 
tains fifteen 'adhy^as’ or books. The first four and the sixth 
books are devoted to plane geometry and the fifth deals with 
the laws of proportion which are utilized in the sixth book. 
The contents of these books are well-known and therefore need 
no detailed account. The seventh, eighth, and ninth books are 
purely arithmetical. As the subject-matter of the tenth book 
which treats of incommensurable quantities and of the eleventh 
and the succeeding books which are concerned with solid 
geometry cannot be clear unless the theory of numbers is ex- 
plained, the intermediate three books, the seventh, eighth, and 
ninth, are devoted to the elucidation of the principles of 
numbers. A number ( ) is defined as a multitude com- 

posed of units (^qr). Numbers are divided into even (^) and 
odd ( ). Even numbers are subdivided into evenly-even 
(^17^1?) and evenly-odd Evenly-even numbers are 

those which, when divided by an even number, have an even 
quotient, as 8. Evenly-odd numbers are those which, on being 
divided by an even number, give an odd quotient, as 6. Odd 
numbers may be oddly-odd when they have an odd 

quotient, on being divided by an odd number, as 9. Numbers 
are further divided into prime numbers ( )? and compo- 
site numbers and into commensurable 

and incommensurable (fjRr). A number produced by the 
product of two numbers, the multiplier ( ) and the mul- 

tiplicand ( jynj ), is a plane or superficial number 
the two numbers and ) being called its sides or 

arms A superficial number, multiplied by a number, 

becomes a cube number The product of a number 

by itself is a square number ( ), and a number, multi- 
plied by its square, becomes a cube number Numbers 
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are fiirtlier defined as proportional when the second 

is the same multiple of the first as the fourth is of the third. 
Like plane numbers ( like cube numbers 
^ those which have their sides proportional. 

Finally a perfect number ( ijoul^ ) is one which is equal to the 
sum of all its aliquot parts, as 6.^ The Seventh Book demonstra- 
tes in general the most common properties of numbers, chiefly 
of prime and composite numbers, and partly treats of the compa- 
rison of one number with another. The enunciations of a few 
propositions will make this clear. f Tf of two numbers the less is 
continually taken from the greater until unity is left, the two 
numbers are incommensurable or prime to one another/ 'To find 
the greatest common measure of two or more quantities/ ' A 
small quantity is a part of a large quantity or of its multiple/ 

' If two quantities be the same part of two other quantities, 
the sum of the first two shall be the same part of the sum of 
the other two.’ ' If from two numbers two other numbers in 
the same ratio be taken, the remainders shall be in the same 
ratio/ ' The product of the multiplicand by the multiplier is 
the same as that of the multiplier by the multiplicand/ ' If 
there are small numbers in a certain ratio, such that smaller 
numbers in the same ratio cannot be found, then these 
numbers shall be prime to one another/ ' If a certain number 
is prime to another, its square also shall be prime to it/ ' If 
two numbers are incommensurable, their squares as well as 
their cubes shall also be incommensurable/ ' To find the least 
common multiple of two or more numbers.’ 'To find the least 
common multiple which can he measured by many fractions.’! 
The book contains 39 propositions. The plane and solid 
numbers, their sides and proportion, the properties of square 
and cube numbers, the natures and conditions of their 
sides, and the mean proportional numbers of plane, solid^ 
square, and cube numbers form mainly the subject of the 

* The aliquot parts of 6 are 1, 2 and 3 and these together make up the 
number, 6. The numbers to which this property belongs are 6;28;496,*8128; 
33,550,336; 8,589,869.056; 137,438,691,328; and 2,305,843,008,139,952,128. All 
perfect numbers terminate with 6 or 28. Vide Chambers’ • Popular Educator/ 

t Props. 1, 2 and 3, 4, 5, 7, 16, 21, 25, 27, 34 and 36, and 39 respectively. 
Book VII. 


Eighth Book. To elucidate this a few propositions may be en- 
unciated. If in a certain series of numbers in a certain ratio, 
the first and the last are incommensurable, then these are the 
lowest numbers in the series in the same ratio.’ ‘To find the 
lowest numbers in a certain ratio/ ‘The ratio of a plane or 
superficial number Avith another plane number shall be the 
product of the ratios of the sides of those plane numbers.’ ‘ If 
in a certain series in a certain ratio, the first number measures 
the last number, then the first number shall also measure the 
second number.’ ‘ If there are two square numbers and if 
there is a mean proportional number befcAveen them, the 
ratio of the square numbers to one another shall be equal 
to the square of the ratio of the sides of the square 
numbers/ ‘ The squares and cubes of those numbers which 
are in a certain ratio shall also be in the same ratio/ 
‘If a number falls between two numbers, and if the 
three numbers are in the same ratio, then the two num- 
bers shall be like plane numbers.’ Tf between tAvo numbers 
there fall two other numbers so that the four numbers are in 
the same ratio, then the tAvo numbers ( between which two 
other numbers fall ) shall be like solid numbers’. Tf three 
numbers be in one ratio, and if the first be a square number, 
the third shall also be a square number’. Tf four numbers 
are in one ratio and if the first be a cube number, the fourth 
shall also be a cube number. ’ ‘ Two like plane numbers are 
in the ratio of their squares/ ‘ Two like solid numbers are in 
the ratio of their cubes/^ There are in all 27 propositions in 
this book. The Ninth Book continues the treatment of square 
and cube numbers, takes up odd and even numbers, not 
hitherto dealt with, and treats of their properties, as the follow- 
ing enunciations of some of the propositions Avill shoAV. ‘ The 
product of tAvo like plane numbers is a square number. ’ ‘ The 
square of a cube number is a cube number.’ ‘ The product of 
two cubes shall be a cube.’ ‘ A composite number, multiplied 
by a certain number, becomes a solid number/ Tf in a series 
beginning Avith unity, there be numbers in the same continual 

Props. 1, 2, 5, 7, 11, 13, 18, 19, 20, 21, 26, and 27 respectively, Book Vni 
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proportion, tbe third number from unity is a square number and 
so are all forward, leaving one between, the fourth number from 
unity is a cube number and so are all forward, leaving two 
between, and the seventh number from unity is both a square 
and a cube and so are all forward, leaving five between/ If the 
given prime numbers measure a certain least number, no other 
prime number shall measure that least number/ ‘If three least 
numbers be in tbe same ratio, then the sum of any two of 
them shall be incommensurable with the third/ ‘If there 
be two incommensurable numbers other than unity, there shall 
be no third number in the ratio of these two/ ‘To find a 
third number in the ratio of two numbers, if possible/ ‘ To 
find a fourth number in the ratio of three numbers, if possible/ 
‘The sum of any number of even numbers shall be even/ 

‘ The sum of an even number of odd numbers shall be even/ 

‘ The sum of an odd number of odd numbers shall be odd/ 
‘ If an even number be taken from an even number, the re- 
mainder shall be an even number/ ‘If an odd number be 
taken from an even number, the remainder shall be an odd 
number/ ‘ If an even number be taken from an odd number, 
the remainder shall be an odd number/ ‘ If an odd number 
be taken from an odd number, the remainder shall be an 
even number/ ‘ The product of an odd number and an even 
number shall be an even number/ ‘ The product of two odd 
numbers is odd/ ‘ An odd number measures an odd number 
with an odd quotient/ 'Numbers beginning with two in 
which each succeeding number is double of the preceding 
number shall be evenly even/ ‘ A number whose half is an 
odd number is an evenly odd number/ ‘ The number, which 
is not in the series beginning with two in which each succeed- 
ing number is double the preceding one and of which the half 
is not an odd number, is evenly-even and also evenly-odd/ ‘ In 
a series of numbers beginning with unity, in which each suc- 
ceeding number is double of the preceding one, if the sum of 
the terms be a prime number, then the product of this sum 
and the last number shall be a perfect number/^ The book 

Props. 1, 3, 4, 7, 8, 15, 16, 17, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 31, 
34, 35, 36 and »38, Book IX, 




comprises 38 propositions. The Tenth Book, which is generally 
considered as the hardest of all the books to understand/ treats 
of lines and other magnitudes rational and irrational, hut parti- 
cularly of irrational magnitudes commensurable and incom- 
mensurable* (i e. lines, superficies and solids ) 

are called or commensurable, if they have a common 

measure and are or incommensurable if they can not be 

measured by a common measure. If the squares of lines can 
be measured by the self-same area, the lines are or 

commensurable in power, and the lines whose squares are not 
measurable by the same area are or incommensurable 

in power. If there is a line supposed and laid before us, of any 
length we please, if this line thus first set forth is imagined to 
have such divisions and so many parts as we list, 3, 4, 5 and 
so forth, which may be applied to any kind of measure, inches, 
feet and such others, and if to this line thus first supposed and 
set forth be compared a number of lines, some of these will be 
commensurable and some incommensurable; and of com- 
mensurable lines some will be commensurable both dn length 
and power and some commensurable in power only; and 
of incommensurable lines some will be incommensurable in 
length and some incommensurable both in power and 
length. The first line so set, to which and to the squares of 
which other lines and squares are compared, is called a ra- 
tional line Lines which are commensurable 

to this line, whether in length and power or in power only, 
are also rational; the square which is described on the 
rational right line supposed is rational ; and the squares which 
are commensurable to this square are also rational. Thus the 
line which is first supposed and set forth, the lines which are 
commensurable to it, the square on it, and such superficies as 
are commensurable to the square are all rational and constitute 
what is called The rational line is the basis of most 

of the propositions of the tenth book from the tenth proposi- 
tion. The line which is incommensurable to the finst line sup- 
posed and set forth, the superficies which is incommensurable 
to the square { i e. the square described on the rational line ), 
and the line the square of which shall be equal to that superfi- 
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des are called irrational ( )• These irrational lines and 
figures are the chief subject of the tenth book. They are 
divided into many classes of which 13 are the chief. They 
are as follows:— 

I A medial line ( ) is defined in Prop. 17. A 
rectangle which has its sides commensurable in power only 
shall be irrational and is called a medial superficies. The line 
the square of which is equal to this figure is irrational and is 
called a medial line. Thus a medial line is an irrational line 
of which the square equals a rectangle contained by two ra- 
tional lines commensurable in power only. Propositions from 
17 to 35 treat of the properties of medial lines. It will he 
enough to note a few of these to shew their nature. ^ * A line 
commensurable to a medial line shall also be a medial line.’ 

‘ The difierence between two medial superficies is irrational’ 

' To find out two medial lines commensurable in power only, 
containing in power a rational or a medial superficies.’ 'To 
find out two medial lines incommensurable in power, the 
squares of which, added together, make a medial superficies 
and twice the rectangle of which is rational.’^ 

II. A binomial line( ) is the next irrational line. It 

is treated first in Prop. 33. If the lines which are com- 
mensurable in power only be added together, the line so formed 
shall be irrational and is called a binomial line. Thus a 
binomial line is an irrational line composed of two rational 
lines commensurable in power only. It is made up of two 
parts or names, of which one is greater than the other. The 
square of one part is therefore greater than that of the other. 
This line is divided into six classes, the first binomial line 
( mvi )p the second binomial line ( ^T?rr|w ) ^^nd 

so forth. The first three binomial lines ( and 

are formed when the square of the greater line 
exceeds that of the less by the square of a line which is com- 
mensurable in length to it, the greater ; and the last three 
kinds of binomial lines ( and ) are formed 

when the square of the greater part exceeds the square of 


t Ck m A rt T OO n r» r! 51 T»AarwaAf:i vaI V. 
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the less by the square of a line incommensurable in length to 
it, mz., to the greater part. Propositions from 45 to 50 show 
how these lines are found out. 

III. A first bimedial line ( ) is define 

Prop. 37 as an irrational line composed of two medial lines, 
commensurable in power only, containing a rational superficies. 

IV. A second bimedial line ( ) is an irra- 

tional line composed of two medial lines, commensurable in 
power only and containing a medial superficies. Prop. 38 
teaches how to form this line. 


V. A greater line ( X which is taught in Prop. 39, 
is an irrational line composed of two lines which are incommen- 
surable in power, the squares, of which, taken together, make 
a rational superficies and twice the rectangle contained by 
which makes a medial superficies. 


VI. Aline containing in power a rational and a medial 
superficies (^R0f|iTg:r 

^Sl% ) is lOLext taken up in Prop. 40. It is an irrational 
line composed of two lines which are incommensurable in 
power, the squares of which added together make a medial 
superficies, but the superficies which they contain is rational 


VIL A line containing in power two medial superficies 

^l%) is an irra- 
tional line composed of two lines which are incommensurable in 
power, the squares of which added together make a medial 
superficies, but the superficies which they contain is me* 
dial, incommensurable to that which is composed of the two 
squares added together. This line is taught in Prop. 41- 
Propositions 42 to 69 deal with the properties of the above 
lines. 


The next line taken up is 

VIII. The residual line )• The method of form- 

ing the line is taught in Prop. 70, It is an irrational line 
which is left when from a rational line given is taken a ra- 
tional line commensurable to the whole in power only. 


IS 

liike a binomial line it has also six Awietiea The first three 
kinds ';and ^ are^ formed when 

the square of the whole line made up of the residual line and 
the line joined to it exceeds the square of the line joined by 
the square of a line commensurable to it in length; and the 
last three kinds {^§4} WH ^^id are formed 

when the square of the whole line made up of the residual 
line and the line joined to it exceeds the square of the line 
joined by the square of a line incommensurable to it in 
length. Propositions 82 to 87 teach how to find these lines. 

IX. A first medial residual line ( ) is an 
irrational line which remains, when from a medial line is taken 
away a medial line commensurable to the whole in power only 
and the part taken away and the whole line contain a rational 
superficies. Proposition 71 deals with it. 

X, The next proposition treats ef the second medial residual 
line ( ) which is an irrational line which re- 
mains, when from a medial line is taken a medial line 
commensurable to the whole in power only and the part taken 
and the whole line contain a medial superficies. 

XL A less line ( ), taught in Prop. 7S, is an 
irrational line which remains, when from a right line is taken 
a line incommensurable in power, the square of the whole 
line and the square of the part taken together make a ra- 
tional superficies, and twice the rectangle contained by them 
makes a medial superficies. 

XII. A line making with a rational superficies the whole 
superficies nsedial ( ) hs an irrational line 
which remains, when from a right line is taken a right line 
incommensurable in power to the whole line and the square 
of the whole line and of the part taken together make a medial 
superficies and twice the rectangle contained by them is ra- 
tional. This is treated of in Prop. 77. 

XIII. The last irrational line is taken up in the next 

Prop. ( 78 ). It is a line making with a medial superficies the 
whole Riinerficies medial f It is an irrational 
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line which remains, when from a right line is taken a right 
line incommensurable to it in power, the squares of the whole 
line and of the part taken together make a medial superficies, 
and twice the rectangle contained by them makes up a medial 
superficies incommensurable to the first medial superficies. 

The Tenth Book is the longest of the elements and contains 
in all 109 propositions. 

Thus in the first ten books is taught whatever is requisite 
and necessary to the knowledge of all superficial figures of any 
sort whatever. The remaining books are concerned wdth solid 
figures such as cubes, cones Pyramids 

>5 cylinders ( or 

prisms spheres 

and parallelepipeds ( or ). The 

eleventh book contains 41 propositions and propositions, 24th to 
the end, treat of the properties of parallelepipeds. 

The Twelfth Book sets forth the properties of pyramids, 
prisms, cones, cylinders and spheres, and compares pyramids to 
pyramids and prisms. Likewise are compared cones, cy- 
linders and spheres ; and to prove the properties of these bodies 
it is first established that like polygons inscribed in circles and 
the circles themselves are to one another as the squares of their 
diameters. The enunciations of a few propositions will clearly 
shew the nature of the book.^ ^ Every pyramid having a triangle 
as its base may be divided into four parts, of which two are 
equal and similar pyramids and the other two are equal prisms 
greater than half the whole pyramid/ ^ Pyramids having tri- 
angles as their bases and of the same altitude are to one an- 
other as their bases/ ' Every prism can be divided into three 
equal pyramids having triangles as their bases.’ ^ If two py- 
ramids having triangles as their bases be similar, they shall be 
in the treble ratio of that which their like sides have/ ^ A cone 
is a third part of a cylinder having the same base and altitude 
with it.’ " Like cylinders and cones are in the treble ratio of / 

that in which the diameters of their circles (bases) are/ 'Spheres 

Props. 3, 5, (>, 8, 9, 10, and 15, Book XII. . , , , . , . . - 


are in the treble ratio of that in which their diameters are/ 
There are in all 15 propositions in the book. 

The Thirteenth Book teaches the most wonderful properties of 
a lino divided by an extreme and mean proportion, the com- 
position of the five regular solids, a tetrahedron, a cube, an octo- 
hedron, an icosahedron, a dodecahedron 

respectively), 

the method of inscribing them in a sphere and a comparison 
of the solids to one another and to the sphere in which they 
are inscribed. The book contains 21 propositions. 

The Fourteenth Book which comprises ten propositions treats 
of the comparison and proportion of the five regular solids. 

The Fifteenth Book, which is the last book in our text, deals 
with the inscription of the five regular bodies Avithin one 
another. It teaches how to inscribe an equilateral cone in a 
cube, an octohedron in an equilateral cone, or in a cube, a cube 
in an octohedron, and a dodecahedron in an icosahedron. 

The striking features of the Rekh%anita. 

Having thus given a resume of the contents of the RekhS»- 
ganita, let me next point out the striking features of the Avork 
as compared to English editions of Euclid. 

1. Definitions, Postulates, and Axioms are called or 

Terminology. 

2. Axioms are given before Postulates and the last three 
Axioms are placed after the Postulates. 

3. The Twelfth Axiom has a simpler form. It is defined as 
follows: — 

If two straight lines Avhich are not parallel be produced in 
the direction in Avhich the distance betAveen them is greater 
the further they are produced, the greater the distance between 
them ; while if they are produced in the direction in Avhich the 
distance is less, the farther they are produced, the less the 
distance between them till at length the two straight lines 
meet together, and then the distance betAveen them goes on 
increasing. 
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4 This form of the 12tli Axiom necessitates the introduc- 
tion of the following propositions preliminary to the 29th Pro- 
position of the First Book: — 

(1) Of all the straight lines that can be drawn from a given 
point on a given straight line, the perpendicular is the shortest, 

(2) The line joining the free extremities of two equal per- 
pendiculars to a given straight line makes equal angles with 
the perpendiculars. 

(3) The line joining the free extremities of two equal per- 
pendiculars to a given straight line makes right angles with 
the perpendiculars. 

(4) The opposite sides of a rectangle are equal. 

(5) If two perpendiculars be drawn to a line and a straight 
line be drawn across the perpendiculars, of the four angles 
made by the line with each perpendicular, the alternate angles 
shall be equal, the exterior angle shall be equal to the interior 
and opposite angle upon the same side of the line and the two 
interior angles upon the same side of the line shall be together 
equal to two right angles. 

(6) If the four angles formed by the intersection of two 
lines be not right angles, then a perpendicular on one of the 
lines shall meet the other line in the direction of the acute 
angle, 

(7) If a straight line falls upon two other straight lines and 
if the interior angles on one side are less than two right angles, 
then the two straight lines shall meet in that direction only. 

5. In the proof of propositions throughout the book^ no 
authorities are given anywhere. For the sake of conciseness 
a few intermediate steps, which may be understood without 
being mentioned, are omitted 


6. Most of the propositions have one or more alternative 
proofs given for them. The following propositions have alter- 
native proofs:— 

Book I. 

5, 9, 11, 12, IS. 20, 21, 24, 25, 26, 32, 33, 34, 47. 

Of these 18th and 20th Propositions have two alternative 
proofs ; and Prop. 47 th is proved in seventeen ways by describ- 
ing squares in different ways. In each of these seventeen alter- 
native proofs there are three diagrams caused by the equality 
and the inequality of the sides that contain the right angle. 

Book IL 

1.2.3.4.6.6.7.8.9.10.11.14. 

Of these Propositions 9 and 10 have two alternative proofs. 

Book III. 

3, 4, 5, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 30, 31, 33, 36. 

Prop. 30 has three alternative proofe. 

Book IV. 

1.2.3.6.10.11.12.13.14. 

Propositions 10th and 13 th have two alternative proofs. 

BookV. 

14, 17,18,19,20,22. 

Proposition 22nd has two alternative proofs. 

Book VI. 

1, 2, 3, 4, 5, 6, 9, 10, 11. 12, 15, 18, 29, 31, 32. 

Propositions 9 and 10 have two alternative proofe. 

Book VII. 

I®i#l3, 28. 

1,12,64,65. 



7. The number of propositions and their order in some 
Adhvcun.s is different. 

In Book IIL our text has 36 propositions, propositions 11 and 
12 being included in proposition 11 as under: — 

Tf two circles touch one another internally or externally, the 
straight line which joins their centers being produced shall 
pass through tine point of contact/ 

In Book V. propositions 12 and 13 in the Sanskrit text are 
found to be propositions 13 and 12 respectively in Bil/s edition. 

Of 110 alternative proofs in all tLe books taken together, the following 
are llethcctlo ad Ahmrdum \ — 

Book 1. Prop. 20, 21, 34. 

Book III. Prop. 8, 4, 9, 10, 11, 12, 13, 17. 

Book VI. Prop. 2, 4, 5, 6. 

Book VII. Prop. 7, 28. 

The following are found in BiL 

( I. 5 ), { L 12 ), ( I. 20 one alternative ), ( L 2o ), ( VII. 13 ). 

Book I. 

Prop. 11 is only a particular ease. 

Prop, 24 contains three cases. 

Prop. 25 gives the direct proof. 

Book IIL 

Prop. 8 gives a comnaon proof to Propositions 7 and 8. 

Prop. 0 gives the direct proof found in recent editions of Euclid. 

Prop. 30 gives the converse of the 1st part of the Proof. 

Book IV. : 

Prop. I is the converse of Prop, I. ■ 



In Book ¥l. the order of most of the propositions is different 
as below:— 

Kekhl.ga:nita. Bil.’s edition and Greg.’s edition. 

9 13 

10 11 

11 12 

12 9 

13 10 

IS 19 

19 20 

20 IS 

23 24 

24 26 

25 23 

26 25 

81 32 

32 31 


Propositions 27,28 and 29, which are omitted in recent edi- 
tions of Geometry, are found in the Rekhaganita and BiL’s and 
Greg.’s editions. 

In Book VII. the Rekhaganita has 39 propositions and Bib’s 
edition has 41 propositions. Gf the two additional propositions 
in the English text, proposition 20 is noticed in the Sanskrit 
text as corollary to proposition 19 and proposition 22, which is 
enunciated as follows in Bil.’s edition, finds no place in the 
Sanskrit text: — 


‘If there be three numbers, and other numbers equal unto 
them in magnitude, which being compared two and two are in 
the self-same proportion and if also the proportion of them be 
perturbate, then of equality they shall be in one and the same 
proportion.’ 


. This proposition is omitted, perhaps because it answers to 
the 25th proposition of Book V. 
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The following shews the difference 
tions in the two texts: — ■ 

in the order of proposi- 

Bekh%anita. 

Bil’s edition. 

20 

21 

21 

24 

22 

23 

23 

25 

and so on till 28 which becomes 30 in the English text. 

29 

33 

SO 

34 

31 

31 

32 

32 

38 

35 

34 

and so on till the end. 

36 


111 Book VIII., propositions IG'and 17 in Bil/s edition are in 
tke Sanskrit text given as corollaries to propositions 14 and 15 
respectively, and 26tli and 27tli propositions in the Rekh4gani- 
ta appear as corollaries to Prop. 25 in Bil/s edition. Thus the 
total number of propositions in both the works is the same 

111 Book IX. the Eekhaganita contains S8 propositions, while 
Bil's edition has 36. Propositions 30 and 31 are not found in. 
Bil.'s edition ; but they are mentioned there and attributed to 
Oarnpane, 

The difference in the order of propositions is shown below: — 
Eekhaganita. Bil's edition. 


14";:' 

20 


14 

16 


17 

16 

18 

: '17^ 

19 

IS 

20 

19 

26 • 

27 

27 

26 

32:;;; : ;; ::::^'/::'; 

30 

33 

31 

and so on till the end, 
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In Book X. Bil/s edition contains 9 propositions more than 
the Bekhaganita. These are propositions 7, 8, 13^ 16, 24, 112, 
113, 114, and 116. They are enunciated as under :— 

V^Prop. 7 

^ Magnitudes incommensurable have not that proportion, the 
one to the other, that number hath to number,’ 

Prop. 8 Converse of the above. 

Prop. 13 

‘ If there be two magnitudes commensurable, and if one of 
them be incommensurable to any other magnitude, the otlier 
also shall be incommensurable unto the same.’ 

Prop. 16 

‘If two magnitudes incommensurable be composed, the whole 
magnitude also shall be incommensurable unto either of the 
two parts components ; and if the whole be incommensurable to 
one of the parts components, those first magnitudes also shall be 
incommensurable.’ 

Prop. 24 

‘A rectangle parallelogram, comprehended under medial lines 
commensurable in length, is a medial rectangle parallelogram.’ 

Prop. 112 

‘ The square of a rational line applied unto a binomial line 
maketh the breadth or other side a residual line, whose names 
are commensurable to the names of the binomial line and in 
the selfsame proportion; and moreover that residual line is in 
the self same order of residual lines that the binomial line is of 
binomial lines.’ 

Prop, 113 

‘ The square of a rational line applied unto a residual maketh 
the breadth or other side a binomial line, whose names are 
commensurable to the names of the residual line, and in the 
self same proportion ; and moreover that binomial line is in the 
self same order of binomial lines that the residual line is of 
residual lines.’ 



Prop. 114 ,, 11 . A 

‘ Tf -r riaralleloOTam be contained under a residual line and a 
binomial line, whose names are commensurab e to the names of 
the residual line and in the self same proportion, the line which 
containeth in power that superficies is rational. 

Prop. 116 . . 

‘ Now let us prove that in square figures the diameter is in- 
commensurable in length to the side.’ ^ ^ 

There are thus nine additional propositions in Bil. s edition ; 
Iwt there are two propositions in the Rekhaganita which are 
^ J f.ll r^ositions in the English text. They_are 2ith 
and “>9^1 27 th proposition is mentioned in Bil.’s edition at the 
m ist proposition and the 29th proposition is given 
endoftle Slst p opo ^^e difference in the 

as a corollary to ^ two books is thus reduced to 

revL.^the Sankrit text comprising 109 and the English text 

116 propositions in all. . 

The difference in the numbering of propositions is as 

follows;— , . . 

Eekhfiganita. Bil. sedition. 

10 
11 
12 
15 
14 

17 

18 


I 

S 

9 

10 

11 

12 

13 

14 

and so on 
20 
21 
22 

24 

25 

26 

28 

29 

30 

31 

32 


up to 19th which is 23rd in Bil.’s edition. 


26 

27 

28 
25 

29 

30 

31 


Mentioned at the end of Slst Piop. 

32 

Cor. to 32 

33 

34 

^ ^ ^ 85 . , 

and so on np to lOStk ttU* is UHh is Bil/s ediaon. 

109 . 


28 


In Book XI. Bil/s edition has one propositioBr SSfch, which 
is wanting in the EekhS-ganita. It is enunciated as below:— 

' If a plane superficies be erected perpendicularly to a plane 
superficies, and from a point taken in one of the plane super- 
ficies be drawn to the other plane superficies a perpendicular 
line, that perpendicular line shall fall upon the common section 
of those plane superiieies.’ Propositions 32nd and S5th in the 
Rekhfiganita appear as 2nd cases of propositions 31st and 34th 
respectiv'ely. Thus the Sanskrit text has in all 41 propositions, 
while the English text has 40 propositions. 

The followiDg shews the difference in the order of proposi- 
tons: — ' 


ikhaganita. 

Bil.’s edition. 

32 

2nd case of 31 

33 

32 

34 

34 

35 

2ad case of 34 

36 

33 

37 

35 

88 

36 

39 

37 

40 

39 

41 

40 


In Book XII, 6th, 13th, and 14th propositions in Bil.’s edi- 
tion do not find a place in the Sanskrit text. They are enun- 
ciated as under: — 

6th Prop. 

‘ Pyramids consisting under one and the self-same altitude 
and having poligonon figures to their bases are in that propor- 
tion, the one to the other, that their bases are.’ 

13th Prop. 

' If a cylinder be divided by a plane superficies being paral- 
lel to the two opposite plane superficies, then as the one 
cylinder is to the other cylinder, so is the axe of the one to the 
axe of the other/ 

14th Prop. 

* Cones and cylinders consisting upon equal bases are in pro- 
portion the one to the other as their altitudes.’ 

Thus while the Sanskrit text has 15, the English text has 

*1 Q f.mriQ ft]] 




The difference in the order of propositic^ 
Eekh§.ganita. Bil.’ 


In BookXIII. the Sanskrit text has three pso|o^taon3 mate ' 
than Bil.’s edition. These are the 3rd, 4th, and 6feh propositaotaj ’ ' 
Of these Prop. 3rd is noticed in Bih’s edition as a theorem added ; , 
by M, Die. The order of the propositions in both the texts 
varies as under;— 

Rekh^ganita. Bil.’s edition. 


In Book XIV. Flussas has twenty propositions, while the. 
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feekh&,ganita lias only ten ; and there is no agreement in the 
order of propositions as shown below: — 


RekhSiganita. 

2 

3 


Flussas. 


10 2 

Propositions 1, 6 and 8 agree in both. 

Proposition 66h in the Eekhaganita is noticed by Hypsieles 
after the 3rd Prop. ; but no proposition in Bit’s edition answers 
to the 7th Prop, of our text. 

In Book XV. I find nothing in Bit’s edition to correspond to 
Prop. 1 in the Sanskrit text. The order of the other proposi- 
tions is as shown under: — 

Bil.’s edition. 

1 

2 after Hypsieles. 


Rekhfiganita. 

2 

8 

4 

• 6 ' 

() 


O 

4 


8. Prop* 7th Book I in the Eekhaganita is enunciated in 
a very ingenious way as under: — 

*The straight lines drawn from the extremities of one 
straight line ( on the same side of it ) can meet in one point 
and never in another/ 


This enunciation is very like the one found in Bil/s edition: — 

Tf from the ends of one line he drawn two right lines to any 
point/ there can not from the self-same ends on the same side 
be drawn two other lines, equal to the two first lines, the one 
to the other^ to any other point/ 



Whether the Eekhaganita is an original 
translation. 

Tlie next question that suggests itself for consideration is 
whetheivtlie Eekhaganita is an original work or a translation. 
The subjects treated in the different books, the number of px'o- 
positions in each of them, the very order in which they are 
given, the method of proof adopted in them, and the fact that 
the author flourished, as we shall see further on, in the eight- 
eenth century, leave not a shadow of doubt that the work is not 
original, but a translation. Na}?-, if there is any doubt on the 
matter, it is removed by one of the Mss. in my possession which 
says It must also he noted that 

if the work Ivere original, the letters in the diagrams illustrat- 
ting its propositions would be in the order of the Sanskrit al- 
phabet, either ^, g- &c. or ^5 U But the lettering is 
Greek or Arabic, both being Phoenician in character. It is thus 
unquestionably settled on the above grounds that the work is 
not original, but a translation. 

But if it be not an original work, how are the following intrO'- 
ductory stanzas to be explained.*' — 

mjm w (I 

JtHv I 

mi II 

These verses would lead the reader to either of the two 

conclusions, that the Rekh^ganita was an original work or that 

the author was a plagiarist. That the work is not original is 

clear from the above causes. That it is not easy to charge the 

author with plagiarism is evident from the fact that in the 

introductory stanzas to his other work, ^Siddhanta-samrlj' he 

clearly says that it is a translation of m Arabic work, 'Mijasti^ , 
a 


^ ' - t ; 

^^rar^TTf ^ ii 
5F^ fir^T^t^rw^j t 
mwiHx 5r^€flF^: u ’ 

How then is this inconsistency to be explained ? The problem, 
it must be confessed, is not easy of solution. The only possible 
solution seems to be that knowing as the author must have 
done that the science of Geometry (f|i^TO!¥ ) first culti- 
vated in India and thence imported to Greece and other 
countries, and that it was in his time completely lost, he gave 
it a divine origin to inspire his people with greater respect for 
it. This incidentally lands us into the question 

Whether Geometry was first discovered in India 
or in Greece. 

This is no place to enter into an exhaustive treatment of the 
subject, nor is it possible to arrive at an incontrovertible solu- 
tion of the ci^uestion in the present state of our knowledge. 
Suffice it to say that a nation to which, the world owes the 
ingenious invention of numerical symbols and the decimal 
notation, a nation which made great advances in Algebra and 
Arithmetic, and a nation which made independent astronomical 
observations, arrived at a fairly accurate calculation of the solar 
year of 360 days with an intercalary month every three years, 
was acquainted with the phases of the moon, and had made 
observations of a few of the fixed stars^^ — a nation so far ad- 
vanced in the cultivation of mathematics and astronomy 
cannot he supposed to be completely ignorant of the elements 
of geometry. It -will not be amiss toc|uote the views of a 
few western scholars on this subject: — '' Though no date can be 
fixed to the commencement of geometry in India, yet the 
certainty which we now have that algebra and the decimal 
arithmetic have come from that quarter, the recorded visits 
of the earlier Greek philosophers to Hindustan ( though we 
allow weight rather to the tendency to suppose that philo- 
sophers visited India than to the strength of the evidence 

^ Vitiq ‘Imperial Gazetteer of luaia’ Vol, YI, pp, 10t“6 by W. W. Hunter. 



that they actually did so ) together with very striking proofs 
of originality which abound in the writings of that countryi 
make it essential to consider the claim of the Hindus or of 
their predecessors to the invention of geometry. That is, 
waiving the question whether they were Hindus who invent- 
ed decimal Arithmetic and Algebra we advance that the 
people that first taught those branches of science is very likelj^ 
to have been the first that taught Geometry and again seeing 
that we certainly obtained the former two either from or at 
least through India, we think it highly probable that the 
earliest European geometry also came either from or through the 
game countiy.”^^ ‘ In Geometry, the points of contact between 
the S'ulva Sutras and the work of the Greeks are so consider- 
able that according to Cantor, the historian of Mathematics, 
borrowing must have taken place on one side or the other. 
In the opinion of that authority, the S'ulva Sutras were in- 
fluenced by the Alexandrian geometry of Hero ( 215 B. C.) 
which be thinks, came to India after 100 B. C. The S'ulva 
Sutras, are, however, probably far earlier than that date, for 
they form an integral portion of the S'rauta Sutras and their 
geometry is a part of the Brahmanical theology, having taken 
its rise in India from practical motives as much as the science 
of grammar. The prose parts of the Yajiirvedas and the 
Bruhmanas constantly speak of the arrangement of the sac- 
rificial ground and the construction of altars according to very 
strict rules, the slightest deviation from v/liich might cause 
the greatest disaster.'f ‘ Whatever conclusions we may arrive 
as to the original source of the first astronomical ideas current 
in the world, it is probable that to the Hindus is due the in- 
vention of algebra, and its application to astronomy and geo- 
metry.'J 'For whatever is closely connected with the ancient 
religion must be considered as having sprung up among the 
Indians themselves, unless positive evidence of the strongest 
kind point to a contrary conclusion.'! ‘ The geometrical pro- 

* Vide the article on ‘Geometry* Penny Cyclopsndia, Vol. XL 

t Vide ‘History of Sanskrit Literature* by A. A, Macdoneil, p. 424. 

;{: Monier Williams’ ‘Indian Wisdom’ p. 184, ’ 

§ Dr. G-. Thibaut on the S'ulva Sutras. Vide ‘Journal of the 4siatiQ 
Society of Bengal,’ 1875, p. 228, ' ' ‘ 
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position, the discovery of which the Greeks ascribed to Pytha- 
goras, was known to the old Acharyas, in its essence at least * 
It should not at the same time be ignored that Herodotus, the 
well known Greek historian, attributes the invention of the 
Science to the Egyptians. ‘Herodotus, the earliest authority 
on the subject, assigns the origin of the art to the necessity of 
measuring lands in Egypt for the purposes of taxation in the 
reign of Sesostris about 1416-1357 B. G. ( Hero. B. 11 
Chap. 109 ). This is probable as not only resting on such 
authority, but also because a priori we should expect the 
necessity of measuring lands to arise with property in land and 
to give birth to the art. Of the state of the science, however, 
among the Chaldeans or Eg 5 'ptians, we have no record’! 
The fact is that very minute rules are laid down in the 
Taittiriya Sanihit^ and the Brfi.hmanas for the arrangement 
of the sacrificial ground and the construction of altars and 
in the Baudh5,yana and Apastamba for the shape of the 
bricks required for the construction of altarsj and that 
the S'ulva Sutras which form the 30th section of the Kalpa 
Sfitra of Apastamba and rvhich are assigned by Dr. Thibaut 
to high antiquity! teach geometrical principles for the 
construction of altars for the S'rauta sacrifices and contain 
a number of geometrical rules, such as that of finding the 


* < Journal of the Asiatic Society of Bengal, 1875/ p. 282. 


t Chambers’ Encyclopaedia, p. 700. 



t] Introduction to 

by S'astri Durgaprasada Dviveda. 


§ ‘Besides the quaint and clumsy terminology often em^ployed for the ex- 
pression of very simple operations— for instance in the rules for the addition 
and subtraction of squares — is another proof of the high antiquity of these 
rules of the cord/ ‘Journal of the Asiatic Society of Bengalj 1875/ p. 271 . 




value of a diagonal of a square in relation to its side, of 
turning a square into a circle and of turning a circle into 
a square;^ Indeed the science of Geometry like the science 
of Grammer formed a part of the Brahmanical theology 
and 'dt is not likely that the exclusive Brahmans should 
have been willing to borrow anything closely connected 
with their religion from foreigners/'f Thus there is a strong 
probability that the science of Geometry was invented in 
India. It was, however not cultivated in India ; because the 
constructioii of altars which originated the science fell into 
disuse owing to the rise of Buddhism and the worship ofimages. 

The Eekh^ganita, a translation of the Arabic work 
on Geometry by Nasir eddin. 

It being settled that the Rekhaganita is not an original work 
the next question that naturally requires solution is to decide 
the original of which it is a translation. This proved a very 
difficult task. None of the English editions of Geometry that 
are available to us, neither the celebrated Gregory’s edition in 
the Latin and the Greek, nor the excellent edition of Billings- 
ley, the very first version of Euclid in English, contain any of the 
striking characteristics of the Rekhaganita noted before. Help 
was sought from some of the Professors of Mathematics. But 
replies were received from all that they were sorry not to be 
able to help me in the matter. Knowing that the Arabians 
were the most zealous cultivators of the Greek sciences of 
Astronomy and Geometry between the 9th and 14th centuries 
and that the British Museum might be possessing copies of 
the Arabic versions of Euclid, I consulted the Secretary of the 
Oriental Department of the British Museum, London, about 
the original of the work, informing him of some of the cha- 

mfk TOT * 

t Tide p. ‘History of Sanskrit Ijiteratare’ by A. Macdonell. 
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racfceristics of the Sanskrit work ; but he too wrote to me that 
he could, not trace the original.* I then addressed Mah§,maho- 
pMhy§.ya Sudh&kara Dvivedi, Professor of Mathematics, 
Government Sanskrit College, Benares, and author of Ganaka- 
tarangini and other works, requesting him to let me know 
whether he had any arguments in support of what he advanced 
in the Ganakatarangini— 

35TO^ts% (’• 

In reply the S'S.stri wrote to me that he had an Arabic work 
which seemed to him to be the original of the Kekh%anita and 
on my requesting him to lend me the work, he was good enough 
to send it to me. The Arabic workf contains all the fifteen 
books. On comparing it with the KekhS,ganita I find in it all 
the striking features of the latter noticed above. The forty- 
seventh proposition of the First Book is proved in seventeen 
wmys.J The book contains all the propositions preparatory to 
the 29 th Prop, of the first book that are found in the 
Sanskrit text. No authorities are given in the proof of proposi- 
tions. There is not a shadow of doubt that this Arabic work is 
the original of the RekhS,ganita. The work does not mention 
the name of the author, but the Preface, which runs as under, 
makes it clear that the author is the same scholar that has 
composed ‘MSjisti’: — 

* The following is the reply received : — 

Beitish. Museum, 

London: W. C. 

3farch 2, 1899. 

Leak Sir, 

I am afraid that we can not help you in your search for the original of the 
Rekht^ganita. We have nothing in Arabic which appears to be at all likely^ 
and we do not possess a copy of James Williamson’s work. 

Yours faithfully, 

{ Signed ) EOBEET K. D0UC4LAS. 

t I found another Arabic work containing all the fifteen books with Prof. 
IsfahrmI, but it contains no alternative proofs and is not the original of the 
Rekh^ganita, 

X PerigaFs ‘Messenger of Mathematics’ New Series, Voh III, p. 104 
contains alternative proofs of Book L Prop. 47. 
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■ -as: 

The followiag is the Eaglisli renderiiig of the passage, 
supplied to me kindly by Professors Isfahani and Saujaiia of the 
Eh^vanagar College 

‘Praise be to God from whom is the beginning (of every thing) 
and unto whom is the end ( of every thing ). He possesses the 
truths of all events and in His hands are the sources of all things. 
And the blessings of God be on Muhammad and his chosen 
family. 

After I had finished the composition of the ‘‘Majisti’^ 
(Almagest), I thought it luglit to compose (edit) the book 
which contains the principles of number and calculation at- 
tributed to Euclides of ‘‘ Sur^^ with a brevity not injurious ; also 
to inquire into its object and design with thorough investigation, 
and to add to it what I found worthy from amongst those 
( principles ) which I had gathered from the writings of experts 
in this science or had discovered by my ingenuity ; also to 
improve upon the texts of the two editions of Hajjaj and Sabit 
by giving hints either about additional points or about the 
differences between their descriptions of Propositions or their 
Proofs. 

Then I commenced it, depending upon the help of God, Who 
is every thing to me and in Whom I place my confidence. 

1 assert that the hook ( of Euclides ) contains 15 chapters 
with two more at the end of it and that it contains altogether 
468 Propositions in the edition of Hajjaj, and 10 more in that 
of Sabit ; and that in some places there are differences as to 
their order and even arrangement ( of proof); and I have taken 
down the number of Propositions in the ( several ) chapters as 
are ( to be found ) in the edition of Sabit, pointing out the 
difference wherever Hajjaj does not agree with him. 

First chapter — Propositions 47, and in the edition of Sabit 
one more Proposition and that is the 45th and it is customary 
to prefix to these a statement of definitions and a description 
of established principles (axioms) and well-known subjects 
(postulates), needful to the exposition of the Propositions.’ 

The Preface states that the author undertook the -work on 


Geometry after Iiaving fmislied ‘Majisti and that he has- drawn 
upon the worh-s of ^Hajjaja and Sabit,f but mostly followed 
Sabit in whose works there are fifteen chapters and 478 propo- 
sitions, Hajjaja’s work containing 468 propositions. It will be 
noticed that the Eekhaganita contains 478 propositions in 
all. Siddhantasamraj is, as Pandit Jagann&tha himself says, a 
translation of Majisti. 

ii 

The author of the Arabic works seems to be Nasir eddin 
Mohammed Ben Hussein A1 Thussi, a Persian Astronomer, who 
died A. B. 1276.| Jagannatha thus seems to have translated 
both the astronomical and the geometrical works of the same 
Arabic author Nasir. 

Cultivation of the Science of Geometry. 

It will not, I believe, be out of place to give a brief survey 

* Hajjaja Bin Usuf Bin Matar was an mhabifcant of Kufa ( near Bagdad ). 
He translated Euclid in two vols. One of which was named Haruni after his 
patron Harunal rashid, and the other Mamuni after his patron Mamunal rashid 
son of Harunal rashid. This is described by the philosopher Hunain bln Ishah. 
These two vols. are commented upon by Sabit bin Kurrah Herani ( inhabitant 
of Hera). Hajjaja’s works are also commented upon by Abu Usman Bamishki. 

t ‘The astronomer Thabet ben Korrah was one of the translators or rather 
perhaps revised the translation of Honein ben Ishak, who died A. d. 873. 
There is a manuscript in the Bodlein Library purporting to be the translation 
of the latter edition by the former.’ Benny Cyclopaedia Yol. XI. 

t He was a Persian. He translated Euclid into Arabic. ‘The same author 
( B’ Herbelot ) gives the names of the Arabic versions, one of which, that of 
Nasir eddin, the most celebrated of all, was printed at the Medicean press of 
Rome in 1594’. Penny Cyclopasdia Vol. XI. ‘Nasir died aged about 70. He also 
wrote a work on Geography. He went to Tartary and won the friendship of 
Hulaku, surnamed, Ilkhan, the brother of the reigning prince of Tartary. 
Hulaka was prevailed upon by Nasir to give up the invasion of Constantinople 
and to invade Persia. Hulaku overran Persia, fixed his seat at Marajha in 
Azerbijan where he collected men of science, built an observatory and placed 
Nasir at the head of both. The instruments there used are described from 
an Arabic manuscript. The tables made at this observatory are called the 
Ilchanic Tables from the name of their author’s patron. They enjoyed great 
reputation in the East, The Ilchanic tables, according to Belambre differ 
from those of Ptolemy only in the correction of some of the mean motions.’ 
Vide the article on ‘Majisti’, Penny Cyelopsedia, , 
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of the rise and development of the science of Geometry among 
the Greeks. According to Proclns, a commentator on Euclid's 
^Elements', the art was brought from Egypt to Greece by 
Thales. He and Pythagoras founded the earliest schools of 
geometry in Greece in the 6th century B. C. Pythagoras was 
the first that gave geometry the form of a deductive science 
and discovered the 47th proposition of the 1st book and other 
propositions. Pythagoras was followed by Anaxagoras 
iEnopides, Hippocrates of Chios and others. Plato was the next 
to advance the science. “Over his Academy at Athens, he 
placed the celebrated inscription, ‘Let no one ignorant of Geo- 
metry enter here’, thus recognizing it as the first of the sciences 
and as the proper introduction to the higher philosophy/’^' 
Many of his j)upils cultivated the science. One of them, 
Euxodus generalized the I'esults of his studies at the Academy 
in a treatise. Aristotle also wrote a work on Geometry and it 
was from one of his pupils Endemus that Proclus took most of 
his matter. Aristseus is reputed to be the instructor of 
Euclid in Geometry.f It is not known where Euclid was born. 
He flourished in the reign of Ptolemy, the son of Lagus (323-284 
B. C.). ‘‘He put together the Elements and arranged many things 
of Endoxiis and gave unanswerable demonstrations of many 
things which had been loosely demonstrated before him.”| It 
is said that Ptolemy asked him an easy method of studying 
geometry, to which he replied that there was no royal road to 
learning. He belonged to the Platonic sect. He opened a 
school at Alexandria. Besides the Elements which are com- 
mented upon by Campanus, Proclus, Pappus, Pelitarius and 
others, he is said to have written the following works:— 

1 A treatise on Fallacies, preparatory to geometriea 

reasoning. 

2 Four books of Conic sections. 

3 On Divisiona 

4 On Porisms in three booka 

6 Locorum ad Superficiem. 

* Chambers’ Eacyclopsedia, p, 700. 

t Vide Chambers’ Encyclopssdia, p. 700. 

J Penny Cyclopaedia, Tol. XI, 
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All these books are lost. The following exist aiid are men- 
tioned in Gregory's edition; — 

6 On Optics and Catoptrics, 

7 On Astronomical Appearances, 

8 The Division of the Scale and Introduction to Harmony* 

9 A Book of Data.^' 

The science of Geometry was continued to be cultivated by the 
Greeks even after they were subdued by the Romans. The 
Romans^ however were completely ignorant of the science of 
mathematics, and only one Roman, Boethius, who flourished 
at the end of 5th and the beginning of the 6th century, 
was acquainted with the science. He translated the first Book 
of Euclid. “ The rise of the Mohammedan power in the 7th c. 
and the rapid and desolating consequences which followed 
further hastened the extinction of the Greek sciences. The 
time now came when those who devoted themselves to science 
were everywhere branded as magicians and exposed to 
popular fury. It was in these times that fortunately for civili- 
zation an asylum was found for the spirit of inquiry in Arabia. 
An acquaintance with the science of the Hindus prepared the 
Arabians for the reception of the writings of the Greek astro- 
nomers and mathematicians and the dispersion of the scientific 
coteries of Alexandria gave to Bagdad many preceptors in the 
learning of the west In little more than a century after it took 
place the Arabians were the most zealous patrons and culti- 
vators of Greek science and from the 9 th to the 14th centuries 
they produced many astronomers, geometricians, &c. and 
through them the mathematical sciences were again restored 
to Europe towards the close of the 14th c., being first received 
in Spain and Italy.^f The movement was aided by the 
Renaissance in the IGth century, but so great was the reverence 
of scholars for the name of Euclid that no improvement was 
made in it till the times of Kepler and Descrates. 

Pandit Jagannitha and his works. 

Very little is known of the author besides the .fact that he was 

^ Vide Penny Cyclopssdia, Vol, XI. 
t Chambers’ Encyclopasdia, p, 
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patronized by Jayasiiatia II., better known as Savai Jayasimba, 
king of Jeypur, who ruled forty-four years (A. T>. 1699-1'743}. 
We know this from what the author himself says in the Preface 
and also at the end of every ‘adhy^ya’. There is a tradition notic- 
ed by MahamahopMhyaya Pandit Sudha.kara Dvivedi in the 
Ganakatarangint that to falsify what Persian and Arabic 
scholars in the court of king Aurangzebe said, that the 
Sanskrit Pandits could not master Persian or Arabic, king Jaya- 
siniha of Jeypur, who was sent by Aurungzebe in 1672 to 
fight Sivaji, brought Pandit JagannSitha, who was then only 20 
and who was thoroughly proficient in Sanskrit, to his country to 
teach him Persian and Arabic. He acquired a thorough know- 
ledge of both the languages in a short time. He composed the 
EekhS,ganita and the Sidh&ntasamrdj. They are both transla- 
tions of Arabic works as is showm before. The Siddhiintasamr&j 
contains thirteen Adhyayas, one hundred and forty one Praka- 
ranas and one hundred and ninety-six Kshetras. It contains both 
verse and prose. JagannMha seems to have translated the ‘Ma- 
jisti’ in verse. He explains it in prose and in the course of his 
explanations, quotes the views of the Arabic scholars, MiqA 
TJlukavega and others and of the Emperor Mahomed Shah.* 


“ 31^ ?rr ” 

“ 3Tsr srir: H” and in many other places, 

“ 3i5fseif rm 35t3f!rf ^ isrr i ^ srr€r- 
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Many of the proofs given in the work. are those found out hy 
king Jayasiiuha himself. The following are the opening 
stanzas of the work; — 



ar55R5r'ii%5|f^ smifiT ii ii 



w!% 3^ !rT fti i g^ T^ {^g n^ 4 ' II ^ II 





ff i aqgg r a ra; . f^tfirar 

?#t?ran[T^^: II « II 


^ srarta awr i 

sTRra f f^ar^: ti h ii 



asar ^lara: ii ^ ii 


sraR^sjl' a^raraaw: i 
?aariJra: ^raiRr: irt^- 


l^aiaaariir aa% ii » n 
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11^ 

m siHsr?^ i 

v^rit^m ^rrt^m ^ i 

H il ll 

^^wf^^rfSr ii 4^ ii 

EekMganita was the name given to the translation of the 
Arabic worii of Nasir eddin by Jagann&tha himself. Both the 
Rethaganita and the Siddhantasamraj were composed by 
Pandit Jagannatha at the direction of king Jayasimha who was 
so much pleased with the Pandit at their composition that he 
is said to have presented him with grants of many villages. 

King Jayasimha II. or Savai Jayasimha. 

King Jayasimha, who was onr author^s patron, was a flower 
of the Hindu princes of Hindustan. He had a fervent love for 
mathematics and astronomy and did more than any other 
prince to promote the cultivation of astronomical and mathema- 
tical studies. As a statesman and legislator he was equally 
famous* He removed his capital from Amber to Jayapura which 
was founded by him in 1728 and which became the seat of 
science and art. “Jeipoor is the only city in India built upon 
a regular plan, with streets bisecting each other at right angles. 
The merit of the design and execution is assigned to Vidya- 
dhara, a native of Bengal, one of the most eminent coadjutors, 
of the prince in all his scientific pursuits, both astronomical 
and historical/’f The king was highly esteemed for his mathe- 

* Mah^mahopMhyaya SudhUkara Dvivedi lias the following Verse in place 
of the 10th verse and also an additional verse as under 

SFSf i 

gs% 3fJT5mni?T: ^ II 

noi^T ii 

i Vide Col. Xod's ‘Eajastbruia, VoL IL pp. 35G—59. 
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matical knowledge. He constructed a set of observatories at 
Delhi, Jayapnra, Oojein, Benares, and Mathnr§< and instruments 
invented by him were used there for astronomical observations. 
He corrected the Tables of De la Hire which were published jn 
1702 by his observations at different observatories for seven 
years. The inaccuracies of these tables were in his opinion 
due to instruments of inferior diameters. “The Rajput prince 
might justly boast of his instruments. With that at Delhi he 
in A. D. 1729 determined the obliquity of the Ecliptic to be 
23°, 28' within 28" of what it was determined to be the year 
following, by Godin. His general accuracy was further put to 
the test in A. D. 1793 by our scientific countryman, Dr. W. 
Hunter, who compared a series of observations on the latitude 
of Oojein with that established by the Rajpoot prince. The 
difference was 24" and Dr. Hunter does not depend on his 
own observations within 15". Jeysing made the latitude 23°, 
10' N. ; Dr. Hunter, 23°, 10', 24" N. From the results of 
his varied observations Jeysing drew up a set of tables, - which 
he entitled Zeij Mahomedshahi, dedicated to that monarch. 
By these all astronomical computations are yet made, and 
almanacks constructed.”* 

“When we consider that Jeysing carried on his favourite 
pursuits in the midst of perpetual wars and court intrigues, 
from whose debasing influence he escaped not untainted, when 
amidst revolution, the destruction of the empire, and the 
meteoric rise of the Maharattas he not only steered through the 
dangers, but elevated Amber above all the principalities around, 
we must admit that he was an extraordinary man.”f "His name 
throughout Rl,jputanh, and also in MMva is to this day held 
in the highest veneration by all classes of the Hindu popula- 
tion. The Marwari Slvkfirs hold it as an article of faith that 
good fortune will attend their dealings if they take the name 
of Jayasingh along with that of their gods in their morning 
orisons.”! 


* Col. Tod’s ‘EftjasthW Vol. U., pp. 356—59. 
t Vide Col. Tod’s E4jastMiia Vol. IL pp. 346-369. 

X Vide ‘Journal of the Asiatic Society of Bengal’ Vol. IV. pp. 938-48. 
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The prefatory verses of the Rekh§,gamta and the Siddh§,nta* 
gamraj have both historical allusions. The protection which 
the king is described to have afforded to the learned Brahmans 
of Vrindl,vana refers to the persecutions of the Brahmans of 
Mathura by Aurangzebe by whose orders many temples were 
destroyed. The removal of the ‘people-grinding impost’ 

sfOT refers to the repeal of the odious Jagiy^, 

which was imposed by Aurangzebe and for the repeal of which 
king Jayasiffiha II. is given by Col. Tod the credit of having 
written the most fiery letter of remonstrance.* 

Nothing now remains but to acknowledge my gratitude to 
my friend, Prof. S. Eh,dhh,krishna Aiyar B. A., Principal Maha- 
raja’s College, Pudukota, who read over the translation of some 
of the alternative proofs to see whether there was anything 
mathematically wrong in them and Prof. K. J. Sanj^nfi, Prof. 
Isfahani, MahS,mahopl,dhy%a Sudhdkara Dvivedi and other 
gentlemen who helped me in various ways. 

Hawadia Chakala, -v 

Surat, 10th May 1901, J K. P. TRIVEDt 


* Mr, Orme attributes the authorship of the letter to Jasvantsimha of 
M^rwar* 
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cr??r ^WFf?rr^3JF«R[ i 
T%%^cnTl^ 

^ 3^ TTTW^^^irf^rafR? 11 \ 11 


wif f^rf^ 1 

#rFE^W%^^'M: 11 \ 11 

^ ?TFT ?#=5Rrr I 

w 1^ i) 8 ji 

^ ter I 

teTrw#^t 11 ^ 11 
^ «ft^rter 3^ i 

f|^: ^i;=3TiTwr^tte*Tfw^^3 11 1 11 

H A. begins the work as follows: — aff ?^l'<i«t^iR »ra: 1 3T^- 
|ift?[5n^ i ^1%H. 5F% &c. K. begins it 

thus: — ?fl^i%fr 2 r ^rff: i #ErR:5[rt i ^fls^ ^w: i irfl[: i 
JTWFR »PnTf^>T *6^1 1 II 


wfi ’m ^ I 

^ w \\ vs n 



^ wfT I 

^ Ij ^ II 

yf^lxy,^ 3^* I 

in>T%^ W II ?» 11 


^ D. This and the nest verse are omitted in B, 



3r«T I 


3rs?ra^5g^:w tlrfor 

?fFcf I ^ srws3n%ss=^iTt?a^ n 

m ^rfr 'rf^^rm i 

21: q3[T€ ^^JtWT R^rmFfl: ^ I 

w. ^ ^ I 

m m?crrM«rT ^ ^ i 

3i«r il^^r I ^ ^ ^5R[ i 

2T5!rT KR?rT ^ItS^^'cTT: ^RT i^#l5=pT^T%T ^ 

s^ m mm fferr i 

srsT I 

1^ m^^ m %2r: I ^srr i f^ter 

^ mm ^ 

W2TsrT^W23:l 

'^^Tti^5!^Is52T#TT<J: 1^ #IT: I 

^ ^ ^ I fr ^r^TTl ^r^TR^^rr 

5??# ^ sr^ to: w . I 


9T%'t^ a an s^ i D. 3T«r jf%D, ^ssrassri^D. 
E. V D, A. E. H cn§[^ra® 

I D. K. ^ K. has sr^r in the beginning and omits ^PE. 
before ^s 5fR^ D. ^ A. B, s air ?JE3cq?i% 

« #oi: I E. D. 
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?nnf^R€t i^^?T#ofT I 

If wftor: I 



rN . 
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3TST I 

W’i f^T 

f fl^T ^T to! m W^IT5^^W 
^ f xT% ^ I 


f tT^bt *RTcr I 


% K. omits 'ER55ffea^r^^. \ D. omits ^ D. 

V D. ^ ^if5i 3IT ^ssffr f fear ^ 

cTfct 1^13; I D. cT’wra; ^TRii^l^rfSi siTts^ ffesr^cip ipra;i K. 




srqt D. K. 


’TTT^H^ ssn^# =^l4 1 
ssiRT# f WT I 

m }m %==^ wl; f% ^ ’Trf^^ ^^(m\ 

0 ^T ’^Tq^pq^fT ^ mf^ 1 

f^3P3=^ I 

cf^ I e?rf^^Tp;»5C I ^fl[WTp;^i 
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3r^ ^dt=^5s4 ^ fw g? 

^ ^■■■■♦"'^ X' ■'■ ■ ■'■ ' ' ' '''^ '■:'"^'"'-v 


% D, omits H ^#^D. K, ^ B, adds v D. K. 
add 3T^ after g? 7 R. h D. adds srs? ^ after ?fJ?R and 
omits =w, ^ K. has 3!FT# D, has and B. =g ^Tfif 

after this. 
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% ^RT^ I^: 
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?n? ^ ^[Rr: 5 t if 
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^RR JT 


^Rr ’R ^ I 
^ =^ TRR: 
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% ?[r^ ’^^Tf^fori^TR^^R^TT ^RT ^ 1 

^r: ^sR STfe^Jj; I 

Ri ^RT T^ ^ ^ I 

^RRt f%t ^ R ^ ^ ?ft 5rf%irj^ I 

^ fRIRf^ ^T ^ 5PRJ^ I 

1 D. K. omit the whole portion from this to airar^* 
1^ fft m^. \ B. adds \ B. adds =g. v ts^ A, 



m wm mm m- 

#n?r ^.^ i 
^RTcfS^qm ^ I 

^ =^ ?rI^ 5irf q% I 
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fg ^ 1 

qj^: ^^DTT?% ^r^sfq ?wr?rT: i 



W5fTf?r^ ^T 5wr% HWnR *rq^ ^ 

fq^ ^ 535>TfFlt rrf|%wfl^ 

m ^ ^tiit %2ir: i 

21^ !Er^ ^ ^ 1 

55Fr ^ ^^RF!#®^FFr 5R5?Fftf[q^ 3jjRj | 
f^TR^ II 
^«r SWT %^»5[ I 

M 

■ 9T^r f Rrf^^r cr^qft fw- /^''~^\\ 
35# I ( '3Tf^^ j 

mtm I V \/ V 



fw I m ) 

^]% I l^r sT^^iiaT ^ 1 

^tr^RC I 

W^' 1 

^ 3ir^iR33TWrTM I 23^ 

?kr% 1 ^3T^?];jrRn% sr^iw 

^ I ^r^SRRTR 1 

W®?: iEPTR I 

^ fl:#r %5n5tl 

ItspT^m ir^rfl^ 

^r I 

^ 3?^t ^ ^ %Rqf^ I 

I ^^ f g. \ 
%?# ^J3C I \- [ 1 

W ^ frT'TTminWT ^ Wi + — ^ J p 

I ^Vs[% iir^ \ J^ 
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^ ^su^m. 
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?sr^ '^ ( - -j -^ 

I ^ V 7 

mwm ^RT II 

gjsr I 

?pl3:%5T cr3[5g^^ai^ ^ 

w4 iT«r?T^^ iN^or3[4 


1 o^^?f»?Fn% D. ^ D. K. omit srfe, ^ omitted inD.K. 
V omitted in D. K. omitted in D. K. % ?5W^f7 =^ A. B. 
« B. K. omit 1^ tf "i^srai^ ?«r^^!. A. B. ^- 
aq;. D. K, ^o D. omits m Brprs[qqi% i < 4 ^ B. adds 
after iqrq. 
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#w ^ I 
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II 
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^ g5r5[^ ^tT 

#^5r^m3[4 ^iTR I ^«T i^S[4 

g[#^lwwR3cq?r#ora[qTrf^ l 

W isrq^# 3 R g 5 [T '% 

?rJTT^ ¥fR’S2Rr: I 3^: A 

=q qfa I 

?Rr: g3^r g^rq:- //^ 

^Rltl to: I 7 \ 

sr^r-rqm: i ^ ^ 

irf%^t f ’^k I '5rf^TOt w?i^?3iwqT 

% A. B. add after «Ti[^. R K. ^ D. inserts 
M^rr. ■ 
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^ I 37^1:^13^ STf^?3T 

^ I ^ g[i^^ ?C5i^ 

=^ I 

3T^'^3% ^3T^: 37^^: 37- 
^«r 37f^^5p?^^ 1^3^ 

■■'"'"•N- '' ■'"' ^'*\ .' "- '■■% ' ___«. "' ' •V 

«r3^ «r^m wr ^r; I 

^<4 wm ^ I 37^^: 37^^- 
oikfRf^ ^ I TR ^55T: 

?[f^R3^ ^13^ ^^3^3 13r^#r^ 
33R: I 33‘. 3^1#T5rf^^D!t ’TT^'K 33I#r w. I ^fS^- 
3r^f#JT«r 33R: 1 33: ^3r#or: ^Sf#ir%- 
3T3f7JEI3T3t ! 3:3 3^37^% 3333: 33733: 33=3#3^ 
3f37f%3^ 37f3^ f33^ ^13^!^ 3 33R: I 3^ 
3r33r#337^3^ 331^ 3T^ I 3t33?fif 7 ^ flfir II 
^ ^ te A. B. s^ ftsr: A. B. 
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Rfg I mm. ^ ^ I #il5WHT^ 
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<j A. B. r A. B. \ D. 

V B. omits 1 % at the end. H 33* K- have ^■<5(^4 fewt. 
^ tesf ST 5(R% D. K. 
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3q^ I f ^ srf^- \ 

qifewfe I f^s- \ /^\s 

^qfr I ^5irr ®{R ^ ^ f ~|[ 
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5iR f%^gg I 

gw ig^ffSiWWTgt <jgVw^f5rr^w^s^^tf^ 
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g^iwt wi#T: I ^3[J ^R^mrg; wt I ^- 
^ W I ^ Wlf?[^tW: STW^^iIT- /? 

c[f^sf% 1 3ir3f^€tw^ g- y/ 

5^si% l g5i?[^twtsR 

^sfe i mm, w^i / \ 

wratu 

1 D. K. have m' for ®r#TV%: » : , . 




^«r 355^t5f% 1 ?i- y/ \. 

I ; ^4- ™ ■■■"■ ;^: 

I 3^r: 3[3T'5r#0TT3[f^sf% 1 ^■ 

3i5r#tii«r c[^R^l^ i 




5^: WTTFR^ I 

^f5r ^ ^■ 


^ 1 3^1: ^ ^sr- 

3^4 1 44t^ I 

«i^i^ii54 %4 ^31554^?^^ 

m 3T^3T^3T#ir4tt w(^ ^* 

'2Rr: 1 3Rt §4t: R^TT^ 1 

^3T3[^DR3T^^tRt ^nwl’ORt: 5I^R?T: I 

^ ^3R«: ®rf4^ ^ ^sr^^itw: ^sr- 

^ I ^3R#3rt g^^#insr3[3T^toi4t- 

4f4T^5iJ: W??: I ^ tr ?[R#Jl4t: 1 

^^Rg^rTsim# grRT: i I 

n D. omits this sentence. \ g?r: 5 RTO^®i i 

f#2TJW^ II D. g?T: 'si^Rpa^ fl^?w m I K. 

D. omits from to *R^, K. omits from to ?Rfe. 
n B. inserts ft%c^r after h ^ ^ifeiJi, ii D. K. 





gw fir^yg- 

flrfeg g^wr^Tt ^s^fRHwwRT^^gtsflg m 
wFg^giw^^Twtgtgrw^or: ^iwtrwiw^^wirg- 
#iir^f^«ETsf^ U 

^m sTwwm# gw 3 wtwn-g#:^ ^f%- 

W> I W 3 e^^%»Tt W 3 TW 3 T- 5 

I 3 ^ 1 ^^’jTt WWW- ^ \ 
^(jrTG[fw^5^ 1 

gw W^ '^WT 1 gw- w ^ 

sTf^g^ gfrwf^^ I 3 w|w^wt gww^WTwt 
3WT ^ 1 1^ g|sfq 3% I g^ gwwwwtgt gf- 
^w%TT^f^ wig: I jg# gif w^ gw^WFrr wfw- 
^sT% I 3g|g gift 3% i gwsR 3^ 1 gfl 

gffw^^ gggwwlgigf^ 1 g^iTTg gwww- 
^ gfl wgtgigfg#sfw ggr gwwwwiwr gggw^gi- 
ggi?ggfg# gfw^ I sglgw^wt giw^wT^^sfer |. 
gfw^gtsfg gww#gigfg^: 1 gggg ggw^wt gww- 
trwiggFggrw wig*. 1 fg^gigri^g^g 11 

Igitglgw^'^gN^ 1 

gggggw^gt gwwwgtgig^ ^^gggfgggrg- 
gi^swfw: ^ig I gw gggw^wgk^wg^ gw- 
ww^[w%wg^wiwT w^irf^g wr w wr 1 ggi 

wg ww^wiWT ^J 5 qg>ig I 


*» A. B. ww. D. 



^4 i ^ 



^t’it w^^wT^r: ftrc i 

^srsTf^JTt ^ 


3^* 

I m IWWf- 

%% ^I>^TcT: srSRtf: ^t ^[if^ \ gf| ^- 
I I =? I 

^3T3T^f^iTi5JrT I ^ 5r3[fl- 

1 ^ TO ^ ^- 

#T S^imfw ^ I cito: 

^if^: ^ 1 2Tf^ ^ ?JrT^ tSffr^^W 

I m M 

I cT^jRft 

I ^ 5fTf^^ I ^ 

^[^^i3F5r3[|I^cfr^^T: ?I^T#0I5«TT^f^ST^ I ^ 

wn^^orrsfq ?r?r#iTgraRtTiT5[T^ w^'. i 

SRcfT ^ 5^fq5^tf^ %g; gc[T ^RT WT 1 ^ 

^Rf I w ’i^gw^Ri ^mm i 

I f Sf^sr^: 3T8RTSfw^: 

Rlc3^ 1 ^^^S^^ fejffiwtj: I ig[3TSI^3T^toi^rtfTi: 


<5 2f5Er A. B. ^ i K. 




qif^ I {ws% ^di^JT: m- g-X./\ 

T%^r- 

sRcT I 

arsf W 1 ^ 

^rsRcT I ^5r€tw«j ^3T5[^twKR^sM i 
#r: f^^: I H 

3[rf%?if%?r4 #5rjj i 

W%r ^ ^^«TT 

^ft^rr: ^«rr I 


^SRNt: I^TT: I f X/\x ] 

m TO ^ ^r ^ W ^ 

m 3T>^g^r s«Ti5 ^iWt I ^ s«f^ 

1 ^ I ^ 

^r^rrf ?f ^ 3 1 ^- 

f^ ^ 3 1 i^iJr^TO*. ^ 1 3 ^: ^ 

^ ^FJT I w^ ^^ 3 1 

I 

fr^g^sflcT 1 i w 

% D. K. 



%T^%rRT 

wm srf^'TTfl^ 1 ®Rr 

^ fg^TT^ ^ I I 3f^^?3r#T: ^r- 

I cTWrar. ^- 

5??%| 3TST Cf^ w W ^ ^3[W^ f^ITcl^l 

w ^ ^ I 

?r I ^ jt W' 

w ^fFTjf^ I f I 

IJ^ITRT %g?T grajl^fg gf%% #MT% I ^ 

<?# I i^g:w- 

>n?i?cr?rf7 ^ I s^r: #[?3ml:^r^iT: ^> 5^1 ®rfw^ 

^ I #TT^ ^ I %i 

jf T% 5 PI# f»M ^siT^^rf^ ^rV 

r%^W 11 


•i K. adds gffw^gji after |t^. 




^j^^«Jip?it 

^^sifisf^ I 

STT^ ^Oi: I 

WT 'ST#!!^ 5PI%R 5 J 

f%f^ I ^ I A A 

3T#itqft ^5[if%- / \ / \ 

I gw 3TW^ ^L \. J 1^ 

^3^ 3T1T^ ^pgr k ' ^ 

^13^ w %FT? I gw ^^35^ wrg: i ?^- 

gi^giwta: I 

wi 'W5^^rf^4 %wJi^ I 

grwm'TE^l^RW g^scw 3FW^ri^^3[^iwgr- 
m%r grw sr^rir^g^^w ^^s^^grfN^ofT 
^g^w^3rf5T<rT5^TRr^oTr^f^^% 

#?^t f^TWFT tJ#TWl^r%W^!T ?WTg^ I 

wsfT fig'tg i ^ ^- 

5# g:i3g35gt5^ ^ /s 

I gw / \ / \ 

wigf^s^l ggrwsTi^ 1#- [_ ^ / \ 

gwrgf^: ^^grwf^^wg; I ^ ^ r==:t==^ 


I omitted in D, 



1 ^ I «Tsr 

I s^rlfi^ y^ 

^iq! I / \ / \ 

^jTT’tr i [_ \ / \ 

^#JI I ^ 

35it^^#>it ?c^^^DTKN#sil^ I fgff#ir«r ^^^ 
itoTT^^: I i3[t l|T^#Tt f^fC#JTI5!H#SR^ I f^- 

^ fra ii 



S^t; sr^lTF^ I 

ira ?r ^- 

^ #ira ^ K A 

ra ifT- / N. / \\ 
^T mi ralra^f^ ir- / x, / \ x 
^R^?Rra:#?ra^l ¥ f 

wrqw^ 'it ^^5 I t^5iqJT> 5 l^R^: 

wi ^rarara I ^ srf^ ^rar I 

3 i^’rtra ^ y^ 

fT^^% I ff^^T / / \\ 

=^ w! 1 ^ / ^X yL— ^\ 

iir^iir^T 3^ 

^’ra: I m ifra^oii ?rira#irraft^; i i^fi#jRs 



I A.B. 


% I A. B, H 

KRTWifi K. V K. omits 


^ %5rm 

mn^ sr«r?r??i 1^5rTw^[^TT?[f^- 

W m 31 ^ 3 # ^- 

.1^3 3^: 1 ^^3# 

3^:1 ^'STl^sfq ff3^3f^^:l 

3^ ^ 

I 3 ^^^^ w^ 3 ^ m- 
35r3^: I I 

sTsr ^ ^ ^^3^ 

2r^ i g^spiitDit 

w^ # %^3 II 
3^: Jr^%3 1 

t ^fFTRfTl^ ^1 # 

^ 1 1# ^^3^ I S3: t f?3T 1 garrent^ 
3313 ^^3 I 1333311# 3f3# %% I 3^^ 

3 ur# 1 33r f33f333Fr 3# 3 ^: 33 T 3 T 33331 333^3 
fFRT3T3T3T: 1 l^gT^WflT^ # I 



w sr^rsrf^ =^ ^#013^; | ^- 

DT«r I'i^’Jii^: I ^n 

^ 3 ^ ^#T# I g'sissr- 

i^rs^ ^ I \^ 

^S^ra[lT 3 ti=? I ^ ^ ^ 

^1 3 ^ ^r «i3^iM- 

3*i’3w?rq;i 
3J%qf%: I 

^ ^ I =sr ^ I ’jr# 3RR^- 

^ ^frii%S^ 3 ^ l 3 ^: gf3m#3i|i3[f^ 
35 ^ I 35t^3r#i^5[^^4 35 ^ ^sRff^w 1 
^3R#3T^3f^r#jft 35 ^ ^RT^FJ; I f3 I fgf: I 

f|clk#3T^o^R^ II 

^ 3^ ’pfWSiT 35 % 

w. WTsji^r^: 1 ggr^K \ V 


^ °g 3 f#ift A, B. ’I I A. B. X ^ 3 ^ I D. 
K. ^%ggqqr?n^ i B. v A. B. omit tlie portion from p: to 
^«rar^f. 1 ^ 33 ?!;^. A, B. 






„ S.'' ■ ♦ rs 

gw ^ ^r I cpT ^rggr^r- 

pr fr?[f ^ w- 

p4t mm. I p^srg^opEg ir^^org^: ^ 

!«Tgg^'jr5rair^#t‘r i f?*r|TT?Ri: ii 

p: I 

m frt m sprs# 

g^g«r lir3* \ S 

^^Dipr: ^7 ^t; 

f.^g^lpg=g^7- 


T ^ ^ 

m gg ^r#jft l ^ fgs^Tf^ 

^gr^ra I 

ggr3^ fffpipTJ g^'jfl' 

?SIM: 3R^ ?«rMF m gf^t 'Tfw^ I 

I m gf^ Tra^w ^gg^ort ^3i^#Jipgi- 




?gMfg I m fr f^str gr# 

srg ^Hfg^rfggg %m I 
gg ^scgiT^gT^irgr wgt ffg? 

gf^ ^ggt ggr tw- 

§[# wgnFgTRr^ ^gfg i 


<i B. inserts 


ftrsqit after ^^^ 




m TO I ^ w- 

f 

JTi^t ^ 3T^- 

>^i ^^rpiT- 

^ 1 

=^ ^ ^nTT^TT?^ ^ ^Tcrgfir^f ^ 
i^f^wg;: r V ^ 

^lfr€tair%9^r^^^: ifrgf#Jr4#T i;^r i f^^3- 
q'<T^’3; I ^wRpg# ll 

3T«IT^rf^3?fr^^4 %^J3C I 

^ m ^=^T3[%7iT5^T^^T5rT^T ^ 

w^TFgrt ^r?i: I 

=f i m ff- 

q^DTt qfl^k: /^ 

Drts?g^«r t- 

#1 3q%q^oTfrq^- ^- 
^r f'^F ^Fqf ^4- 
DirRTT ^%ftT 1 ^c[T qr^ ^^?FrRF=gn w- 
rq^ra i 
sr^’Wfi: I 

gq ^q?toT5 3Tfrq#JrMI^sf?^ \ g- 

qig: t «?liq#°T^q3[^toiHf^ 5^^ I g^f ^- 

^Migpgn ^ \ gg# ^irg^gsrirg^’g^ig: 





g[=Tt: 

^ I ii 

«rt#5fT%^Tr4 %5rJ^l 

1 

\m^ 5^5Tr mx^ \ 

w ^ ^flwr I 3Tf%ir<i; |- 

f w ?3i^^sr%| \. 

sktq’TTk: I \. 

1# I 3T^5f^or«r ?nT^ mi \ 

I I II 

f§[?rr^%5ri3; | 

^hmx ^^aRT wsr wxx^ ^t- 

IfR^^afrsRT ^r ^RT l 

^>ofr <H^qt lETRifr m^i \ 

W ?RI^ ^?f^[?3FrT 3r ^ 

'Tf^§ I ^R^^r^irr srsrW i ^ \v 

€5?iwq; I ci^ ^3pr#jr3[5r3r- 'V^ 

#3it ^nnfr l / x 




^^ 3^5 3 rw 5 [^- 
iiT«rf|^f^l^ ^ 3 [^ ^^^?C«r- 
wr: I 3 !r^gWS#[ 

^ I ^^^Dr5R3[#irr^T fr- 

Tirfr ^r 1 133 

^r^TT^ I # =? ^r^rrlt ^ i 

^ sfilr I g^ «Tprr%# 

351; ^ffrrlr ^rrtr 1 3 ?t: f sr^r^^r- 

m ?wT^r ^i#r 1 'i^t 

?reJTra[ ^ai: 3 j#ir^ 3 r 3 T^o^ ^Rfrf^ 


sr^rgRfir^ 


^(4 I 






I 555^: 'Traw^l 

«Tf5[#or: 5rf|^: FTFj; I ^ 

w^‘. I 3Ri#jr^ ?R^D?rs^ i g^rar sf^^or: 
3rfw^#3Tt TO I s^rif^ira: f i ^ 

I m fir^3f#iits^%- 
#3rt I |T^>#TR ^- 

f%irc5^^w«r 5r3[^^ ^M ^ 

stR ^r!: I ^- 

%^‘ I I 

^-. I I 3T^- 

^#ir: 1 

Dr«r I sjf - 

I sTurf^ 3T{ M- ^‘“ srxT 

^sfR I f: ?^#JT«rTfe I TOt 1 

>R IP# to: I fr^#sf^^lTOJfr: I ^- 

^^l ^fiTO#sf?cr I ^3^ I 3^lira^ 

I # ^ :3#wrf^ I ^T^'WrT ^- 

%RT: ^’^I S R TT TO^ ^ ^1 

srq ^ «[^3T#jltSRf^^0Ttsi^ I 
^ ^'^TOT: ^^TOT: m^- ^ 

^RRnlt RTO#Rp'T^’5[: I ^- 


8o 



I I m- | 

I ^r%% 3 tr% l’^- 

^r =^ ^ 1 I j! 

^?^5TT f%^ ^wra ^R«rar ^ I ] 

Rfir ^ ^- 

I fq^^DR^ I ?}F?T5# 3T^#t ; 

^cf # I II I 

isa!-i::»^:::v::; ■ '1 

Wi I 

JTR^^i i 


■...., rs , ^ ^ „, A - 

2{R =^ !PfT W3PTSTWJ <3r -3^ 

¥^^\ ^ ^W' I ®rsr <C^- ^ 

^^rf ssMw; i m^r 

^ ^ 1 ^3Tf#*ir^3T- 

w: I ^ 

55^ ?WI#T I ^3?^^Dr^3T^|[4 I 

g^ gr3i=si#iit ^^ir^orlr^ I f 




5fTij|5k: wwi \ \ OTict 

^«r I 

^rfeqr t«3T ^3[% 3T«rT 
mx g€r?w 

^TOTt 

?qi?r 

f^W^=TOF5r^#'^i^r^r€nT: ^r?r^T0T§[^ ^- 
?7R J I 

m iT^^RT >#11 1 ciw #Tra: 

I iJr^crf%i[^%^r#3Tf^5r- 
^ I 5rf|:- 

w- ^gn#Tt5?A^ ?Rr^ 

W‘ I i^rsr^^sRr^DFt^: ^ 

JI#T^ ^PTT^S^ I 
si^qqra: I 

^ ^ ^ #arqi¥4 m- 

HRt I I 

^ gr^>^ wm ^r t% 

irai^ ?sf€Rrr i ^ ^ i 
i wi! I to! 1 1?# gw 

tor: I ^- 

wspgfrwiw?^ ?rw;s^ wjws^ w grori i 
sw: ^wg#jr: gwT^ wilt 1 '^w grw^5#Ji 





#Jr3TW^^toRt® §[%i ^TfR: I R^g- 

^ort ggf g*T#3Rt: ?RRr sttr i ^■ 


^ 5in ^ wRm ^ 

m fl^ 55 ^sR II 

^q- ^ %5rJi: 

qq ^5^T5^RT'iT^ ^5cq?r^oTR3^ ^raf^ 

€tR q W% 5^5r#iTf^% 

2RT ^R: I 

ffT#irt 5fR: 1 Rf g#Jitsfw^ sirg: I gg ^sTc^^wit 
I ^4 gR: 3Tf4l% srg^wit %m 

^^Rfg I 
sRt^; I 

gM I i I ®R gRt 

fif f%|4tif«;4 ’^RR R ^1 qf^RR R 
«#R4t^ I 

^ qgR g^sRT qjig! i gRT i^i^gr 

Rt T%RT 1$ ^#g 
iRts^^fgw.qjRf; I -7-::^^^ 

^ ^ — 1 — ^ 

^ggR g^r ggR qji4g; i gg: g3njf%qt 



I ^ f^r^or: g’?rq'#3rlrlt 

^ wm I s^r: ^^g'- 

1^: ^3%^ MR: I 

^ ^ ^ 

^5p: MI^ ^ W~M W—m 

suit I ^ iT^^r ^r^TT^ ^frtr i ^,4 

R^ttjtt: wt ^mm I 

33 : ^ MT% 1 I 

ffR I 3 ^: 'BJT^ f?^f%|Tl^|5?f^: I qfT5M: 
^ 3 ^^: I 33 : 3fe3: ^33 TO ^ I 

53 : 3T^^: TO ^RrR I f3[^3TTO3%3 II 
33 : g3I55?^t 3^ 3fips3f^ 33r 5nra^lt^3 3^- 

R3: 1 ^TratsH 3f^R^ 1 3f| ITff%in:- 

3^r 31(3rF3: ^5Rlf333F3%3Rf3 133^ =3 
TO ^'^R3'tf3 I f3^RTO#^ 11 
wi I 

^5r g:^ ^ 3f^ 3 :^ ^- 

53^1^ ^r #oiT33JT^#r g[^R?TiT^anfT§3[T 53 ^ 
«T33^r ^rg:3 ^^3 3Jf3^3T% I 

33T 3T^^3T R%^3T TO: | 

33 STf^^tWl'SR^ 3^1 ^s?3% 3^ 313 

it^T^tr 4r ^ S[^: M^3#^r ¥: 1 313: 3T#3r 
3r3fR% TO ^rf^f3 I 



#iTt ^TSN«iJ^toitsf% 


^ ^#RI: \ ^- 




3^t^: .3U. . . ^ 

I [\| 

1 P- 3If5r#"T: I 

%sRTF?r’T^®n5g^ J 

srg^: ?r^#3Ttsfe m 
{^5^: 1 

3^^ S if^ 

^T^TcI^ 

ligwt I ^^''^"''vK 

%flr 1 5!r^ ^nr^- ^"if r 

Ditsfei K* 

5=gr[^ 1 ^r^of: ?w#^«n^Rritsi% i 



^ ir ^ ifT- 

^r^lfr^^Dr«r 5 ^- 
#Dr: ^T^]; ! I 

3^: f SRW II 

sr^URF^T^TSf^: I 

^ q^^TTw <i5twr%%Tf% I mw^ I 
cRT ^JTT^T Rwrr: 

^r?TJ I m T^T^ I f^l^-^^cTc^tir^Wf^^" 

^r* ^i: I ^ fl[^??g3i^ifT ^- 

*TRr R^rrnr: I 



2TSIT ?3?#3Tr5f% I m 

l^^TFrt: ?r?TRr: I p: 3T^r3#?t 

r: I 


%m RW5 ^TiTT^ir: IkTT: I 
sT^rI^: I 

^ ^^It'Tf^ f31-^#3r: 1K^:| 

ikt: I 3?r: 
f%# 3T#3rr 

^ M: I 3Rg#or«t ?[f ^‘- 

?FTT% ¥rf^wf% 1 3{?T 5frJT#jrr ^1^- 

Dj^ l^st2n% I ^ 





snRT: I 

35^ I 11 

I 


T^ir i^§:wJTr5W^r ^1 I 


2(211 ?[f%t I ^ 



=?PT^THll#!3T=^^'t 13^:1^- ^ 

H'^or^ W 5 R^ f^FIFTS^ I 
#f^jTt?3jT#jft W.II^m'^g- ^ tp 

5 rf 5 ^ult ^ 

^ ^TiTRt 1 ^ 

km ^T 1%%^ N[.' 

=511^ 1 3^: 2(^1^ ^'t 1 f 4 ^ 

mi 1 m ■^iin%fuidr m 

mfi 1 ^TT ^ I s^r; 

^ar# wf^r%^^5ifT fim\'^ rf: 1 % m ^■ 
1 s^r; i^f%ir»!ri qj^^- 

2 q^ 1 wfk qq^wrr: qqq^f^qt ^rqr^ ^- 

1 ’^Ir fqqr^ 3iT;Er^niiFii5^ qqrtr ^qlt 1 lt#r ^• 
^\k wqi^f^ qfq^: 1 qgiF^ ^5^552=%^^^’??: 


1 o^fqi^n 55 J 5 I D, 



qfgsw I s?r: ^4 SS?¥T^51; I ^- 

^ ^ I ^ ^W- 

TR#5T TT^^^5S[ w^- 

JTT^ ^Wcr: I s^f: 

I W^sn m^- 
Ditsr%r I I 

p: 1 

;T?[M^: ^f^T: ;T^^: I ^ 'B^- 

mv^m ^ I 3^: ifSRfws^rpisiT 

m ^ferr \ 

^ ?f>?w I ^ ^'^l^rar sr^- 

I II 

^ ^^TSC^T #TT^ I 

^n^^RW^Tl ^*. ^TOIW- 

^ ?r- 

•i omitted in D. ^ A. B. K iiaye '^r^. 





^w#3T^- \x 

g?T#3T^: ^WnT^ I ^ I 

I ^ ^r^: TO W^ 

3l%qf%: I 

TO^ W ?«IT- 

I ^31^ 1 ^13 

II f?clt%^TT^ ^rarf^ n 

f^;^*^: m(^ \ ft* 



?r?3T \ 

gw ^ WRP^: I ®rw 

^ 1^ 

^sf^#ir: I 3W; W S 1 3 

f^^torer 3 s 3 

grWfr#r^ %T: ^t: 1^ 

gw Erwrw: f^v WW^W^t 5ETgTWt %MwTWt^ ^■ 
gf^ I gWT WTW: i WWT ^- 

f mw. m Wf^^TW^^rft^- 
^wfgt§[WT: ^aw€tw^^ WRfW 
f^’sgg: | 

3W: f fW^Wt fw^fiwg sgWRtsfe | fw: 1 ^R^' 
wsrfR^'^^n l 

gg: w^rwipR^^jR'i^gr 5%: ww^tw^: 
sf?g I f I wirw#g3T^f#w^?w 
gwrg^T^ I gw; g^wfRtgsr^g^ ^ I 

giwFTsg; II 

^ I 

^w wrg^ ^ 

^mk ^ ^rwR^ i 

W^T 3TW^ W ^^^STWT: ^TgTWTnRTf^ ^ 3R* 

. rs f%... . 

wgiw 1 £ ^ 

W^’T’ifw: I 31 3L 

WWgR^tort^^TWt^’TTW; I 

I This sentence is omitted in A. B. 



fr: 

Ifl^T ^ ?FrRFR#^ 
I 'mj 

^RFTF^TT STM I) 


<st 

1L_ 

w 

!• 

... W 


cT 


3r . 







5EWl^ ^^ 
11 


^rt^rlRTTR ^sTjg; l 

^#S>3TqTt ^ ^T ^^gf^T* 

^RcRT’ar ^ f^^f%5rT% I 
w «rf%p^T^ ?wprRRT ^€sTrf% i 

^ ^ ^ ^^2rf ^f%f ^1% 1 

^ ^ ^ I 

^ 3iNI 3[3r|#r: 

I W^ ^ I ^ ^iWFTf: 

H^fTRRm ^ 1 |3[^^ ll 

^«r 5Tra:sr^ I 

^ 55r^lr^ ^t 

f^cTJ qjrorj ^ET ^5?ir?cT^g[^rir3[wi7r ^;ir#r ^- 
gfg 1 3T5g^gq5toT5rq#Ttsfq ge^fr: ^iritWJ 

I' 

?|SIT ^ 3ir^R[#lt 

^:?sr: ^’TRtsfe i 

=51^ WTFcW 

wu 1 ^ 3r5rf #jTt ^^- 
35% w^i I fsr^oT^ ^- 



gr ^r 




3 ?r: 3prci:#T: \ / \ 

?FTi^sf% I ^i^RT^hr^- \ / \ 

\ ^ 1 

II 

cT^ ST^IRi: W3el:^r: sr/r— ^ 

^'t I ^ A— 

5)^ I p: |i3r5r#jr: / \ 

I ^ 3T5rg[^: ^ ^ ^ 

II II 

«r«T 5j??r%r^JT %m^\ 

^ I?5r3[4 ^*TR ‘^T% gr5[5tqr: 

iTTwr^^ fl:€rwitj ^f^?R^rert^^ 
^EHfTRr?^ I 

w ^^5!3r5r5[^% ^nTi% mi- ^ti 

iiFcft I ^ sm- 

^ I mh L 

31%^: I 

^ I ^ ^ 3 rw 3 ^ 

^ ^r^TM: I W ^Tsri^ I 

3?rt ^3i#irl[^ ?nrTllf i m- 

I II 

23826 




3?r: I 

w wrr i 

^ ^ STf^^DTl' ^ 

^#nT 1 3^: sT^i^ort ^3r- \^/ 

w> I 31^^ ^^5r?Fi7- 

%SM I 3T^5r^f 3# mi^ I ^ 

^ ^T I 3^: 3TprT%3% ^1- 
^ 3if3^ fsriw: 3Tf5T^or«r Wf3- 

^ JIStr^MR: I I?# 3T^3^^5[3^ 


^ifr I s^r: i 

3T3r3# ?i?TRF^d w^: I 11 

3r«r '^gfk^rTTJT %w*3: i 

»i^«i^5# 5pisc4 mv^ »?^'F' I 

^r?5?3 9?rR w% W5i 

l 

m\ 3r^3r3[=^3^%5f^ «r3[^DT: \ 

1 

3T^#jl)- ?W: 1 3 ^: ^^gr#ir: 

^PT: \ 

^ ^ 3T^^#jr: 

Ir m\^ w. I 33 : sTf 5 c#w; 

3if^ I 

\ sr^3^^3#r 1 

3ig35RER[3l![ ^ i 33! 3[fr i 




q^of^r =^^5r?r ^TFfg;4 ?fm il 

WRT-cf^Ji; I 

^ m\^ ^ 

'sri#^ m^' ^ i ^ 

STl^ w^ I ^ ^^r^Ri: 

?imJfT?cT^ I 3;' 

^JTT?rT?^fe I ^ miw^ 

m\ 1 ^ sfTw: I 

sr^n^ sf^f^ ^f^TT^rr 1 

^ 5T ?f?[ ^3Tf#3Tt 

wm> I ^ 1 

^\^ iTRf: I l[3r?[^** ^TIT%s{% 1 f^iFq- 

gq’m n ^ MRtsf% I jjt: 

mm I f^^^FTr^s’i: II 

3T«r q^fw^TTf^ %5rn \ 

g^srs:^ * 

ajsnr ^3T5r3T3[=^§^ 1% \ 

^ f- ^ ^ 

^ W^ I 

1 

mm> %w^^ «r 



^SRcT If 3^ 

^iTT^ I ^- 

^ =^ 3^T ^ 1 


fl^ ^ I 5^: fIS^3TI34 1 3^- 


3?r(J#f€35r^: ^ 

3TI3fI^^5T IISffTWg^ %% I 



3Tsiis^^ ir^ snrsrl: 

^ wi^r^ I srw i- 

f%t I ^ 

1 SRJRFcRf ^%5r4);: JT^T- 

^rrw# 55f ^rifw ^s^r- 

^iTf: I 5% 

II 

«r«i I ^ 

t ^5FTT?n^Tl% 3[«fn 



?\.j M 


w: I 

2|Sfr If ^1=^3# ^ 

If W(^t I 

^g%fr=f wt I ?FfTRF^=f 




f ^ 





I W I ^ 

^ I 3^* 

^ScT’* 1 


w. : : 

^ %% \ m 

^51^# wmw^ ii ^m- 

^«r ^Hf^^sRrJT %5ni I 

^ ?i^T m wif I 

1 g[^i^S5fgr4 I 

I 

^ira; ^^’^^qrqT: 5q^f%- 



pj^^^qr: wm^ \ 



wd w ^ 

^km. n 

3isjT^f%s[rfnT %m,\ 

i: ^JTr5r3^Ri[^Tq^^>^^^ ’?wfiT" 



3I#TqT%: I 

^rsRWIT: ^- 

HFITRRT ^ I ^FTRTRRr ^^■‘ 

^ ^Ffr I ^felT rfSTT ^ w 



I ?f%r^ ^ 1 11 

w ^3#qR f%i% 1 3 ^* 31^- 

^ W RT ^^WfT: ^f’TFfF^T ^ - 

^ ^RRTRRT ^r ^ \ \5„/ // 

3T1TW mi\ \^:::__^ 

f5twr ^ft't I ^ 

MFRc I grg^fRT#^ ^nTFi’j; \ 

1 W^WTT: ?fFRFOT ^ I 

II 

^«r =^5^%^ I 



}mwm\ 

sr^t'T'?!^: I 

w! I ^ sr^r^wrr: 5swR!-^m% i ^ 

?r(?T?rf 5 W ^ H^rr- ^ j 

^ l I ^r5[T "\~~~'^ ~~^f( 

% w% \ / \ 

W I -f "Vf f 


s[^ri ^m- 

^g5fT^f§[50t 

I 

w f 

3TTin?cR^^S2jq^f% I g^?ITfw3^f|50i ^m. \ 

3r%qf%: 1 

I ^ 3rg^T%35fif|3pr?fM I 

357 : wm-^ ? ^ 

?Tfe I m f ^'5ri%5- 

^[f^DT I / 

^ ^ 5 ? 5 T^ti 3 PT> ^ 

mft RST^^ s[=qt: 

=^5^4 f^s^nflsoT 11 

3Tsr i^=gcfTft^TnT 
fsr^^ f T^*7f^ ^sfjsRtor^ 

■ ’i 5 ?rraT ^ iTOHc^ti’ B, , 


^ #ot: I 

qsfT «nflr I ^ 



^T^nra; wm- X j^W 

^ I f4 ^?Ni ^ ^ 

#TT^ ^2Tra 1 ^^WTT: 

^2^ I f4 ^ qf%l ^qR ^R'2# I fTf w^- 

=^4 3Tf^f^rf|?pr ^ 

JTR 5fR fri^^«r I f^sq'mq; ii 

IR R§l'5ig[?T ^JTRTSRTg^ 50ri7T5rRgRg^l^- 

1 ^ Rij|5r3[«r 

tat WTR I 

w 3ig|Tf =^5^ =? ^^^5[=?3l5ni- 

iiFrir#<^R: I ?T?R^?RT^ II ^ ^ 


5R|5[f^S^ f ^^TR I 

3^1: wm 



/ 


WM:WM:M 


I ^TFf I 

2tR 3T^^%5Tr^ ^ffrr%s4 f^r^- %-r-l — 

^ ?fa[r 

^ I ff^- 

^T m 4- 

I I! 

spT I 

gsr ^T%?%^wr??T ^ m- 

g[W ^>T?l^r #'JR§ ft^^: I 

#tT%i5r^ - / J—j—^ 

^r^jl^oT: 'i^w; /\. ^ 

^5^: g«TT w Wff:- f: — ? V 

?rl#:^r i g^r; 3T%7 r =^5§^ ^r^TRpgR^’ 

I ?r^ %2r: i m ^ 

m TfW^ ^r i 3JT^f%iRt. ^sr^^^r^r- 

^pfr i g^rlrsf^r ^ ^ ^ 

w ?r«TT^r2Tf ^5Erf^iR i ^ 

wm. I 

5iFf 54 sn^n?: 1 ^r ^r^- 

S#'# wm, I ^ ^ ^I- 

1 s^t: ^tct: i 

u^ofS# mi I ^ ^ II 


^?TRT5^t m\ 

#Toi?r?TRr^rg: g:4^^5r: ^f^’rg^Ti^^iTRt 
m^\ 

^srr f =^3# ^€tor«r i ^- 


JT m ? 





^ IT I 


m W I 

wrf 

1 

I ^^toRW: ^T#: I 

m I m f w mm m\ i 

i?t mm^ \ ^ ^r^rnFcr^S# 

?r% i 
ti 

3T«r ^^=^5fri%TT?T %5rJ3; i 

m ## f;€sr?rf^ I 

m ^^'^FTT 3Tf%|lc3^ \ 

f^im: sT^'^^JTRF^i ^^3^ 

1 ^r 1 31^=? 

5TFciT3^ fFTS^r ?r?T^or i f^^fFirr- 



<! ^rRF?f^?pT D. 










§52fr 1 

w ^h garsr- 

5TS^5|tl’r^5^sT% I 
ST^fTN: i 

I ^TR 

w> r|cft4 ^^• 

If# I WSf# W3T# 

tdt i\ M#tofr w. I ^3T^r 
?fwr \w STRfT I ^3Tg%^T wm 

\mm\ I 3^: ^RiTci^ ^^wm- 
^TJfiJrF^T^ ^i^r i f 4 \w ^ 5 - 
siR^ I f I ^i-^€ror: I ^r^r 

W3f3f^0Tr?3?t5^^ I ^#'i[^FrT ^- 

mm 1 w# =^ 5 - 

^5f8[4 I ST^r ^ ^^35TT I 

g% W3T?[fw^ ^^ 5 # 3Tf 

sT^#t^5T ?TJn#sR^ I ?ilfT rw^r ^r^rr^r 1 3 ^^- 
frg=^i#^^i^JiRcT I 3f^ sr^jRwrR 
^^'^ 3 #R 2 fTt?TR^ I cf?riT«i^ WTR 

♦ O'* O^v • 

wmi I ’?¥ ^^=q[53p?T ?FTT==r t ^ 

Wcf: t 
I 



It 

W^SRTT I plfr^'T =^3^1# 

^wm^\ ^^35r: ^3T55ii^swsr%#ss?fr ^'. 

I ^%or m ^r^: 

m^\ 3T#TO >Tf^jrra I i 

m 1^1^ I 

I^: ^Tf^oRt: 5its2?^ | g^r tf 

w. I jjf: SR RiRifRrr i 

SRSi^iJit srrgt 1 3?f|5r3[^'J?t 

m - 1 ^s[r ^ w^ ^T ^T I 

srrgr l ^^tt sr^ii^I^IT gf%^ ^qrg: 
fg: I STSI^tTt HTTRtsi^a- 1 W^- 

^sm I ^ ^ ^f% ^Tf^Rfg I ^ 



^JTR 2Rt m I g 

®r«f^ *IRRf^ I sr^ 

Rra; ^ gf%f 'rmRf^ ^\ IT^^^ijrRT 5{f|: qf^- 

Ri% I %5fg%sf7 ^srpr^ ^ri^Rfi i 

iR w4 CRT 

«#RR I s^t: ^ ^m'h st^r 



3^: I 

m =^li^ 

f^STTgil : TT^H I ^T ^f%l 


^ ^ w. I W ?[^3TT SRRf 

^ 3T# ??Tra; i Wn 

^f%| ssTM ^k 3R I 

^ iT^r^sR 3T#t<7R I ?[f%fici^ 

^mm: I s^r: 3i^^r g^t^Trar 
wm ir^'l #TFT I 

1^ I ^#Jr: ^T#Jri^* I ^i3T- 

I ^ 3#r i 

^nNgS# M#0T r%3^rf : "rfwwra I 

S^fl^'^T ^ m to w=# I 

S^T^^ST^I# I 3T^S^ ^ET^T^g- 

^w?t^%wtr II 





’GJrra w 3T# ^Tfjt ^g; i s^T^sT^^oTt ^s?^- 

w f?g^ ssf^ mm 

^ I ^ ^T%f 2r^ 3T# sr^R m 

^tltqR qf^RR ^ srt ^rr^ ^ ^^Td|: 
mj m RR I ^ ^ 

RT ^f^r% I 

WR^’JTSr STUqj^)^ |T3T^^%JT ^ 

3T% ^^RR ^STTcR 1 ^^R ^ ^ ^SPMR mWi I 

^^oT I ^q^^R#iRjr=^3^- 

Rf7 Rn?T ^TcR I Cl^ ^3J5R2r ^R^=?3^- 
%^W ^JIR II 

If^W S?Rf5fR ?R^DT?R=^g^ ^ R^=^- 
I s^r: ^gsiR ?R^oi=^3§5f^ 
R ^^f^Igjl: qT3#R I 

u 


1 sicr#%^ fiT%^ SJRi? 3iRR D. K. ^ A. B. 



srpr I 

^ Tws^’ri^TOi: I ^3TS^^«rr ^t^ft^r*. 

w =^s^ ^ I ^ gf%t ^i^'l ^ 

3T^3T^5^ ?WF^ ^IcIT^ I ^ gNt 3ei# WT 
q^ 3T^3T3f^ :=fnf^ TOP?; I s^t^nipi. 3prs- 
I 3^r: m igTR^- 

j%R ^irac iNfRj: 553=^4 i ^- 

^T I ^ 1^^; 


f^srg jjT^ ^ ^ w 3T^3T^ilt ^ m- 

crra: I f^55T% ^^iTciL 3p=zpr (^ '#^ w ^ 1^ 
?f=ITf^ FiraP3:i 3T^^# ^^3% ^^1- 

{^ ^ ^3w: ?PTRT: I ^- 

W!^#it: wm'^ i%wton srfq wmt I wf3 =^5^ ^- 
^ 3^TFn^ I S^T: ?fJT#'JRPRli^ ^^’5; I W 

w-\ 


TRW: I iH ^ srsiTI^SP^ ^ TOM^- 

^1 Trf? trr: ^ ^ 

JT^RTn^n 1 

^sr#r ii w. sT^^qR ^#jt- 

?w^# TT TTsrr 3T^5^Tr?rTT#JRnT^# 3T#qt 


Tf TriM ?w:r tt!^ 

#?ra I 3TT|f%f ici. ^ST^TSPn ift^- 



g55T^ 3?Ti^ I I lU^wt 

I qjlTR I 3^: 

^ _; \-r^^ . rTTTT - rT -i- T x r ^-r ~ rr r-r- ^TnrT-n rj TL -f^a^ 

^ft^RWRI?^ qiWT I w :^t^[RT ?TR| 
#Tra I STfl^fRi: SE^>T3Wt 3WT^: I cf^ 

%rf^ I ^ 


/ \ / \ 

wm^ I 

ITi^rw 

m ^;i3rf^#Tr mi \ gr^* 

^3F s[P^ tWT 


1 B. K. inserts citr after \ ®cpitt D, 



sif I w wi ^ 


f|#T35f^5l% ^ «i^- 

srfik %5f5?TOc 1 3 ^rl% ^> 1 % 1 ^^- 

wm^ ^ I 3?!^^ jTsiT w ^- 

I ^ ?Tf^ I 

5pp[T ^5[RT ^TTRIRC 'tr^TIcI. #IHT 

wm ?rJTr4 f^- 

314 W 

m- 1 w- 

%4 34t4fjT4ti^ ^1 ^ 

^rsTRf^i ?2n^i 21^ Ai ^ >13^ ^ 

Wi ^ f T^,l 35[T ^^§4 ^3^ ^=^[3^ 



p; I 

%% ^STT m I 

w 3r|r^^=w5^ ^ frf^ 

^rf^ ^ ^srgJT ?r# m\^ \ 3pi4 ^iM 

w frr^ 3T^# qf^JT^ ^ f t* i s^t^- 

^ qjFiT ’j^rwq^or ^,^mm ^ 

wWt I ^^: f Nira; 3Tfi>3prt ^ 


Tqsr ^?qpr: l W ^ ^ ^ 2P* 

g4 ^ wciL 1 2Ti^ mi^ ^ f qi55T% |r^^;rt% 

^52tt% I s^T^I^rswi^ =q 1^ 

SfTcff^rf^ sr^RT- 

ft ^ qj^=q3i' 

^ M ^'. II , ' • 

5FT5 II ^ 

^ =^3i^ ^S%R 5T q^l^ttt w ^ 


i 




l 


^^FETT JTNi ;t^ ^ to i 

^ ?3i ^ ^ I to; 

2r^?3ffnw TO i SF‘ ^T^fTO?r^^f%jpf- 

to f^- ^ ^ 

^ 1 3#^^ ^ i^g?R?T m- ^/\/ 

^oiTOltt WRfflC 1 

^OfFTT ?PT?%r ^ ^5B^^3^5r?r- l\]/^\ / 
^cT ^ Htog‘ I ^ c 

3?^ sj^ fsi^sr^ TO^ I ir^- 

f^S# %5ii% ^ %g; ^ 

^ m TO I ?r’t TO I JT^^5R-- 

^riTR: TOL 1 ^3 t 

%2j% I "i^^' 

g^ %55r% ^ =^1^ M TO*l 

TOFTOI 

I ^ 3P5^FFrf^^ fr?r^ 





I 

OTt ipl^riraL 

^rf^ra: ^ I 

frf|T% ^^TPTRRT ^ I ^ 

^5!3r ?cg\?SFrt 5rf^ ^rNI ’i^l to ^- 

^ I sT^-srf^ ^ fT?[# MI- 

Jinft^ I 

3 ?r: 5IH?|^ flcl^ M^TO3§^ I 

351 : ^'JiRT M^JT ^ ?T5[?r^34 ^r^- 

^ 3 # =^ TO I 3 ^llrer^^: m- 

#TRt ^ W^%5r q^ ?pTiq 

^IMC I ^I^T 

I m ^ ^r^iRtsfe 1 

qs^ 5% ^ 1^ I 



^ ^ra: I %- 

1 ^ w i:#i 5 = 3 ? I 

^f^"I M#JIMf^^ M^pi- 

sT^sf^ mmi tof^% ^^roi^fwn 11 
W I 

jpi^rt =?3?N^ wf^ri TO«n#5r?i^ 

B, ^ %?s[^l%5i5ft4 A. B. 






^tr m ^joks^ ?nkf qrki 
^ 4m ^fkr^: I 5T^ ^ ikl ^ki to qr%- 

I ®rw iifg^jrfg 

^ p^frrf^ ^ I s^t: ^rkira: ikira^ ^kt ig^: 

1 SJ^cIf^ ^t#n3: I ^kir«TN|raL 
5F% I w ^k| 5Ek1 I mj 35 ^ 1 . 

l^nrf^ ^ FHcj; mj gr^r^pfRf^^: ^fk?r: i 

girli^ir^ f^5=% ^'. I SRT 3Tf%^ 

®FJT5r 2T^ 3jifg4 73pfw mf^ I w It 2i^ 

^T fI5[T ^n| I 

3^1% ^ 

^ mj 3Fsk 53# ?2Tra: I ^ -ifnM 

^r^ktoT^ijf # 5#^ I ^ M#3T^ TO* 

§t^ I SJT: ^;pr^3P 

^flr^pr^^ ^r’TRTf^fi: I p: ^- 

CT^ 5W^ J ^^^T ^ TOt ¥mm, \ 






Tfsf^lwrrg^fii^^wnT^ ?r4 I srflFg^ ^sr^t- 

^ 5TSTfrf^5r3T^f^g5i%it 

\ 5^?^- 

^ A- -^K 

%t 1 ^ ^5Rf \ 

^M^f|3>iraL3T5r3T^^?r- ^\^/\\y^^ 
?rftora3§#r to: I |t ^ \ ^ 5 

'‘M 

WS^ I 

3^: iT^RRRJj[ II 

m ^ f^^K <rafl 

55fgr4 M =^ ^<!S[T Jrf^ Ef^l I f?r; | 


^I^rt W^J^ I ^3 ^3pI§2f5Tt?T: 1 ^qgoi! f^g- 

^ ST# ^ g[^ m I w^i- 

I ^rsnr ^ 

^?K^fra:i^|Ri^?[5Er^% l^r55?:^;5!lf t^jft ^:| 


i?f^i ?2fT 1 

3?llf^\^T ^ I ST^f^: mm^ w^^- 

^oi^^il^: fFRc^lW STiT^JJ^ ^FTR 

5wt^f^ hW 

^ ^ ^ ^ ^ |4r^ ‘ 

?i5TiJR[ I fjrlf^rffr^: tti- r 

^cTTT^ I ^ 

3f^%5RnT?WTclL 

^RFR? 1 3Ji^^«JT3r5r5nPtoRt: wm- 

iEfffFR^ ’^^ST^rS^- 

iJRt: ^^DRt: ^ER^R^^T i^T: 

^'. ?RFR4 1 

f ?Rr^#^r ^RR 

iM ^ f^gf^spR^Rt ^- 

JTR: I S^T: ?T^5F%t ^53; I cRI ^^SrI# 

ir^|w?r^g'%5n«rt ?rrw i s^R^r^n^ 

1 ^ 3J5H2R^RR: RR I 
W ^SRIW; ST^T ^ fe ^ 5^# ^k^' ^ 

*1 iRsr^qft A. B. A. B. omit 3?i#:. x A. B. 

vA. B. omit i5Rra^. °f5r^f^ spR^I^ 
#i^^*n#tA, B. , : 'A''-.':-;!: 


^^sr- 
I ^ ^fe[T 

I 'Srf^ct '31^'Tf^ ^^55Kr; 

^i\ ^ 

^ I p: ^^¥( w^- 

I ^^iif^3j5r =^ ifir^tm i 

SJf^fTRT ^14 w - 1 5R|r^^ ^ m- 

5TJTf% I 3Jrl^;jf^f3r?i|r5#3^fRt^: sRpn^jr^- 

^ I 3^: s[^t|% 

^nM. 1 ^ g^i%5zr: I 



3?ft 5?^TO^!^i3: 1 

^rqrwT wP^r i w 5j5r§4 w 

=^3^% ?r^Ti% st^j?N^- 

w ^ ?35TN^s^ m ^ 3ffwr% m 



^ ^ I ^ \ 5?r- 

I ^ wlw ^ %5fTf^ 

?tW% I t^^ggofr ?5: 1 %w ^5r^5- 

ii m \ g5[r ^=^5^ 

3T^=^3#i^ I II 

2T^RRfT53;l 

SJ^TI^IFT =^5^^ m# W =^1^ Jf I 

'itNsRRR ^ qq- 
q?i^: I ^r sr^^s- 
f^sf% ^ =q§# 

^’5; I ^!!3T ^ I 
q;^=^ I ^ 

5[gn^ f^f^ I m- 

55f% I q^l^rr 5PT=T?^r^3: 1 ^i^r =q- 

^ I ^ 5|5^33H ^ 1 5^5 

qjpi! I sTirl^r^ =^ 

?RTf^ wm^ I OTRcR^! tejfM^rfq ^- 

®?Fcr I s[^^% ^ ^ I 



?!3T I ?ff| 3T# Sffwi I 3 ^- 

^ 5!iTr I w ?R^ ^ T^rf^Rnj; 1 



^ A. B. add this sentence. ^ A. B. read this sentence 
as ^ ^:. 1 D. omits this. 


3?r; 

^1: 1 f ^- 
'TR I 





cnf^ ^JTTR 1 

3^i^f?rf^sw ^ 3% 5|ji% i^^r 

3T^^33^JiTf7 
MFT I I 

fl^l^ 3W I tNlw 5T«rT ^\ki I 
TO m^\ 

3?f%T 5=3? ^ 

1 ^ ^ I 3^3- 

Int ^=^3^ wmm I 

351: ^?=^#5Fr 

5[iffH5RgW TO IS 



=^1# fw# 3 qgf^ 5fSTr =^33# I 

^ ^ w wm, 1 3 ?l^^ 

3?5r\53T 5RN|^ mf^ I ^ 3^3§# 3^1- 

I 3^: I 









Irttr 7\^x 

fs: \ ?r5N3# HiTPw; I V"^ y ^ 

wT I ^\Jvf 

^ ^3T3rf^S^ V 

^K TO^ T%^^ I tj^wFrf =^ 30 ^ T%S“ 

mm 1 rn^rn^ 1 M 

^3^3# ^wiH^ I 

{^ I ^5tIi[ w^ ^^^w. II 

S^t: siwaJTrnjc I 

gT^3T^rr3^=^ 

4?ftlrK^iraL l^ra; ^tR ^ 

m ^ IW 

=^ ^r^TiR^rr^rf^ I q-; ^- V^ 

%3f3a?5^tiTt ^swtEfrg'^rqt ^ I %fDfi q|-ir: 2J^- 
SWWT^sRr I 3iq-fr^^3?|5ITc]^S3f^iT^ilfci^ 
fi^rcT^rq^’T: ?§ts2I; I %q ^3t# 55!^?r^^tiTM 
^1 II 

5(^RF^I 

^5% =^3^ R[S#iR 1 3[f%ir^^ir^^: 



qR I fr%p3:f \ 

q^^q=q3^^ iTE> ^iT?rq; i '?\/ 

^ ^Rr%2pTrf^ ^ffrrf^ I q;^^ I — 

3t: q5f^3p^>i)- i3r5JrqT^^r%sr%f | 

W^ ^TJTtsf^ j m 3piFg 

p: SsrgzRjkJT: I ?T^SRq^ ^ f 

^ W% II 

3r«rr^'^fgrTft?T=^^ #3fJ5[ | 
gsr ?T^T t ? 

W ^T^srSRt: ^^^^^WJ?T^^ 

STt sn^: I 
I 

^I3K<<^l'iH ST^fsE^J ^T§: I 
5f?[^53r ^ qjR! I ^ ?rtr /f\ 

I I ^ ./ ^ 

3 jtr ^ fi#r ^^ 3 ; 1 

m ^3T^#3Tt W3T?[i)^ ?nT: ^ 

I fo[w?qn)fqsq; II 

?r^Iwiiw<i^srfqR5Rftff^ 35 % i|^^: 

^ wsf fi% ^T^rf^r^Ri^nw sroft^ 1 
sF^s^wrar ff^ 

^■qRV^^irqf ^ m =qrr%f. \\ 
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fTf^^ 3^5 #g 1 «rf^€toTT*. 

#5r I ®r^ ^w^t'jrr: ^R#i[T: i 
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WEFT ^^3; I 

m I ^Tirra^ f - 

^f^l^r^tr ^If I 
^ I e^#ir- 

fw=f3i5fr^ ^^rfw I crerra; f^_ j 

qil^ir^5r^r«ra€t ?mRT v ^ ^ 

I 3^f: ^f%t 3T?2rc^- lvJL^ 

I ^\sT^ II 

m I 

W ^^FST?f%W I ff^ 

mrt: I f^t 1 3T^ |5r^ =^r 

jj^JTT ^FR^Tci: I #Jrr: 

w^rr: #?! I 35r|%^ 
tfj^T s^rr^iTt^r i ii 

m ^A %ir^ I 

^r i# mm 

?j^rfsr^ #4- “^r 
^Tgr*3c I 

w 3T^^ ^f«qRrr i ^ ^^rr 

t K. ■i^ “airait B. K. 


p: ^r^JTRrrfjT Wf ^T- 

1 p: ^^rpJTT ^^53TT ^RT I 3T^- 
^ I I 

, .., ■' ,: 'f^ .. , . 

QTRTqqm: I 

^3r^ mwm I I W- 

qiR ;e3P m I pr: 1 t 

cT^ ST^^fw'^ ?S|^ R^r ^RT ^ fcf: 1 

P 2#Tf^1 ^RRT cfiHRRicrr ^^\ JRlfe I 

m Ittr ^gR% I mm^ ^3R[#oit ^^^^urg- 

^ 1 ^^3T#>Tt sRt: #01%^: I ^ ^tTg- 

^ ^^3i#3i^gT^Di^tiTg^ 1 m 

^5% w^5R[#qg5^sf% I g^ra; :srp- 

JTTJTT ^RT I ^ ^3T^^’^^^3T^ofr ^IR^T I 
^gp^iTfl(#r 3T#3iTf|3'tt srrat I fpis’?; i 
STW 5r^RF3>rrf i 

ST^RpRT 3T^ ^^f^pTR ^Ifrr%- 

sfe I 1 pr^it^T- 

gRT 'SfR; I cRJTcJ^ *f^- 

R^ I sr^ttilt ^2C3T#'I1^ ^RRR I m 3T#ir: ’jt 
^P^DTgRRR: 1 gWct ST^^toft 3Tg[^#T: f^' 

f^gsT^orp^ mi I ii 

WFgpi 

sRsrp i%5^ 15RT I p'p|Tf'?[^3rf%t * 



% ^#w gvr^; K. 



w! I 1 

^^rt5=^T%^T frflt I 

^ T^ I f I 



? 'N 


sTTWiT^ I 2JT5r5[^r ^i’w=^ r'^^- 
W I 3^^^ 3[3TS2FRlt?r ^1C=^'T I 
^T%f I f I cfSR^F 

w^Ff% I 3?r^^fr^fr3[>w i ?iw ^gfr3[>ir 

^SF‘. I f I ^TORFcj; I S^T^'^IFcFL 

^5R#tR f^^'W. I ^FM^ ^f^flT^f^^FT 
^F^RF% I IT^^t'^r: ?r*F^%f^ I ^^^€toTtsf^^^^OTt 

sfe I fljprsR^gwF^ 1 2 JfI^^- 

^^^^FcF^ I ^3Tq%5JF^g^ ^- 

^^R^r^?FF%5% I I Sf^f^WFF ^ffcPFFf^iS^gFcil^ I 
gJF^STSr^R^^^^qF^iTt ^3[^%^SF% 1 cFiTF^ ^|rI- 
^^^F^ ?F^F#F ^F#F I cFWrg; I 3^- 
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^ ^r>#^T I f^T- 

-cfT%3^ ^w^#jrt sTST^^or: si^ 

sj^qiN: ! 

^3T^^tqgg^^tw3igg€tDi3T^#orgr^g^T f^«r: 
g^iRi* gf^ ! gj'iTfg ggi- 

vfjf^ t|o(;^^«r ggrgr* I 
3TN mM I ^ g: l\ 

^f^ft'ir:'?^=gN3g'gn^g ^ ^ 

gsgg? fr%^ fTSTSfrigrt I iinI ^ir* 

g^g^TOT?^ 13^' fti^ 

\ fg^ggr €t- ^ 

gg!i^: gg#Ji5^^ ggfg I /\ 

^ggr 5^^ T 

I gt ^toitsgnfg: i^r: g g3#i'?^gt- 
t^gi gg^ggfTfe I ^34 ^gigi ^g*- gg^w^c 
gg#iiwgi?rgr gl^g 3#si% \ ggrict %g*‘ 
g;^gg€tggr w^' \ ggrfcq^^gr ®rfw 

ggig? mv> \ =^Rif^ 3pf4tgT^ ggtgi ^ 





f 3Ttjijr*3Tr: m 

§[T5[?f I 

Ijj f?rFcr: ^ _ 

q#^: ¥t 4: I w: q^W 

^m\\ w 

srwtqqf^:! 

3Pi%?5 qj^q^ 1 Ml mmi' I ^ 

I s^r^sriT^'^ sffq i tt^^- 
I TTfr^ms^^ ^t’qi ^^r: 

^rqnrr mv - 1 u^r^r^ort ^?r3[#T^- 

€ttjrts% I m 'sw^#qt gr?Tf#nT | fcf: | 

5r5[=qTq^f=qrq€t: ^qR^qrrtl’?q 
^tqr M: I ^?Tsr#3?r i 

^frir^jr wri^ i ^ #^1^ m- 
^'q^M 1 iT^s% ^ I 

^ #orT: wm ^T: I ^.4 ?T^sfq jpT: 

wqr: II 

qqjr^^fqj^ I 

ttstWt qjFTr i ^Mrat. igqifl^sfrT f;r4 i 

;., n qr?55H:.K. ,' ,_. 
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|{^f%i#r; TO I cT^Tci: irw^- 

wrt?jft I 




r: wfr: \ 

few 1 3^5^ ^mggrgr: ^!t i 

mm' I 3pi!; 

R«r: ?RRr writ: I ^ ^ ^f^RWT >T^?RT3W?rwr5T- 
%W WTWg I gWiSwJT^TT^lWTsri: ^T: I W^WT JTSf^- 
WT^ i^wT WRTT fra f¥«rag: i pi* 

•TT^JR WIRT ffe il 

:R5r T^ * 

m srarar^^Rgwtw ^'7cra;i m ^r^- 

sTOt ^T^ I S^it WWT frfwiw^ w: I 

3Rtf^fTci. fcwfr^fr^^lTRw^wT gitg w; i w^wr; 
RRTWT wra^qpg 1 3rf^ ^^sTfTf^: Rqtfwwiraf:! irara- 
ftgw^:5TwfwTOtw^gw5T^Tg^r w^gw^f gwFwt 
R^:KW^ ^W§[R RRTR I 
mm. ^€tq^WfT#^ WRit wR- 
«2ra: I 'TgRRlWRRIR^W^ 

i^^tDTrlf^ I 
i:#wTt I ^irairg^ wf^: i ^ %^[#Tri 



1 i^qwgD. K. h^srb^K. 
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! ?PT35i^ w^ I %^T S^rr: #rfr«r 

I (%sr: wm'> ^ I 3?r4^ S^: ^toT^: ?FTH?^ 

I Dl^t: ^JT^DT5|5T ?T- 

I iN^wr ^ wfi wqpcf i 

m ^Tprarf 3if^d wit % TOTfi^l- 
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W ^ ^ nf^' 

f ^ I ^k ^ Wff; 
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sTT^swsf^^ ^^r; I i 
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w q^M33T 1 
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3# ^Rrrt fRi ^ ii 

33*. sr^n^^^DTTf I 

TO 3r^'^?frr3r?;-^^r i 33 : 

’3^^R3^'^R l f ? f g ^ / \ ^ 
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sf^'T’rRr: I 

qTO3^l% ^'Sr ^s^rrR I ^3[^ qir^oiT: 

5jr#3 I l-5f3T#>I^ 5}^ 

?T?T#or^ srr^; I I3T^#%R srsT- 
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I 

m ^rfl^ M^oT^^^sRr 1 3^: 

33: ST^^tW: 3 f|^ I^: 

I TO|^ JTR'^IR I ^iR: o[^^ 3 ^tRtrR ^- 
Rirt frf%l JTRrRKftR ^7c[J3: 1 ^ 1 

srft^w: W^i I ?tilTc!^ ®rR?«r: #DTt 
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^trf^ II 

^Sf I 

frl^R^t f^* 

^ ! 3?r^- 

^%i#n I ^ 1 3^* ^^r^- 

I ^'f ^?l^l 

3T%qf%: \ 

ir^I^: 

5^sf% I mK w^5r#3T3^- 

sf^ I ^fqrrf^ iER^ora' 

5#sfe 1 I 

^strit: i 

'C^RT =^1% ^nTFfT I 

|3[^rerT^5f^’?: I 

fgWST^ '#'5^ STRifl- 

3^ ^ 11 

I 

m^m M ^ift* 

cfjf STiTi^fSJn’ 3^ I^fr*3%fT 1 
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m: ’?^55rf^^iMvqM?cf i 
^ ’T^^^rmpfr I 

g^ W W^^r: I 

^Nls^g I ggrrg^ 

=qr? 1^ T^^JTT^t ^nr: l gg|gj<ip?3gT 

I I II 

iff 31% 

sffTRe^n; wwai 1^ ^rgf^rfr^Kif 5 n# I 
sF^steri^ ^irfoTf iff i€r«nf%ff 5 [T^- 

iff Mf II 

g-g5ifs»?prj ^wTEi: ii a u 



I 

w^ !Pt 4 qfr^m ^¥^ir l 

wt>ii4 ^ ^ 

nm. 3pi?iFi^§3^ ^ I 

fl^sf’Tiot f^‘ir4 qjftra ^ 

I 

m f?F7^: I^TRT % TRFT: I 

f|^^rqT%«r5^?#q^5T %jff%^JTT^ 3f^- 
^ ^^mr^ ^r ^ 

1 sTsr?RT%f^qf%f|^'l^ m 
1 f 2T ?Rl#TT 1^ 1 

q{% jrspT^ ^Rct i^w^«rpk- 

^r 5!T\g[g5nf^qjf^qf%: % %2Tr i ^cft^rr ^ f^rr i 
WS( =^34 f|c{>T: ™: qj^qi gq- 1^- 

1 

1 K. R 35qqjii%wrt B. ^ q^rl^giotc^^yRt B. 
V f^’?i^qf% B. H cf%^?f%?frar fg^^scf^ crq# ^* 
I B. ^ Ms. B. inverts the order. 



m sf«r5fT^ 

m srswfi[3>r^it?r ?Tfl f^®7f%#T% ^ %t- 


i%qf%l*TT I 

k^q^Cm m k^^kk- 

k^qkl^rr I 

2TW irsrk|^1:2kkk<ir k^rkCk^ ?raF?Rk- 

^qki^TT I 

5r^;FTf|#sf%?cn:trr f^qk^k ^^Fc^k^k- 

^i?ir I 

m q^kfTgk ^ik q^TMk ?fkr qk% snTT<Ji§[?kqj- 
m\ k^f w’qsk ^- 

k^q=^ zrk JFTFllk ®fT- 

iTFRtk k^qklir% m ?FTFrr kkkik li 
^ q^kfjp-^rkr ^mi^ srsnrsRFik 

k^ w k^qkFkr kffkq^ 

^kr qsFTqfrii k^2{^>ktq! k^qkr:^ k^'kq^ 
k^^f^'kqtk^ w^Frk®ikf|qT i 
m q^i^nr^r qsFrfl^^kk^s^'t k«qk^ k^- 
qqf €t k^'t?T?|#q%'^qkkqk 3?r: jqspqq^T^ k^- 
^#ktk^qkr: Iq srsR^^qf^qk^ l^r 

k^qkik ii 


qR^nqr 


1 Ms. B. omits it. h B. \ supjip® B. 
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m 

m gg srggjrgror f^^- 

ggioT wtm iTg^of gcflr% ^- 

g% gg wr^gWpt ^ 

I 

gsTT 3!r^?cfT2ri JTr^Trtr JTT^^ 

'^■m\ ^ srgg^^trr 

1^ STPg?^ I 

I 

gfgi ip4 wrirgr# ^ fr- 

§54 I g^T g'ggggtiTt m4t- 

gpgtsfe 1 ggg^4t4t i^4t^ §54l-sl% i 
gw§^gsr3[4t^ ^%iTT^R?gt ^ • •• 

gsiT gf^ i f^- i 

gren^sg: ti ^ ^ 

grg f^#4 I 

^gmr^ gg ggf^ gggggrw ggf #Tg %- 
^nwroT ^gwg g^ftgggm gfforggg^IggrJt gf^ 
5iTgf^ gjf tnwT^r gf f^rg f§:#!?ggTaT ^gf^ gf - 
f^g^ g^gsmroT gEggm gf^ ^rg^ggr gggwg- 
ggTOTgtgig gff^rg f|[cftgggTor ^rg^g^gggggr- 
gr4ig grgf gggggr'g ^rg;. \ 

ggr ^gggr^ gggpr ggg gfig^ggoi^g ^giw gi- 
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% 3?r^ K. \ sliai D. K. \ tigoi D. K. 



f^sr^rrot ^srsr- 

JTiffr ^rgor^ irirffm 

s^gswiot II 

®T^f%t I 


3Tr 
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^ ff 


^gsrifT'ir f jnTM ^iJnrrw- 

s% I s^r^^sriTTot l^sr- 

jTi^sfe I ?iJTT?rErffToti w^nR sripnR ^321?^ ^ m\- 
^ I ST^q-Ror 2TT#>R ^qqiW ^RIRci^q 
IPRPJT ^gsTRotSTR ! f3[^Mrq>fireJ^ II 
^sr I 

‘^tR sm^rf^ ^ sr«iiTJr?rrat 

5^: J?«T* 7 srTiT 0 T wf 301%^ 3<ii- 

^ Ji5sn730i^'^:# =^ 5 - 

^swM 1 

q'siT STSRTur q^cT ^q’qTW ^fERr^ 

^IRT^ qi#5T 53TWonf^ 

^WiifTR *1#^ 

f imT% 2iTqrfR ^ 

sigsRiSr ^jRTonf^ ?T^f^ I T I 

lirsRMR sriRMl^ f^RT: 

^RH I W!TOTDT3RT^WRt I f 

qjRl-: 1 ^^f^TTTW 3rr#cr WSfRt^ ^ ^3R“ 


•|55 


■i K. 



I ^ 

^IPFOT ’TT^^ gST^TfOTTf^ ’^WTW 

nrrf^ 5 if^'^cf I n 

3 T«r I 

si«r?rspTTaT=^ ^ 

^^^m I^T%c^Tf ?[ fs-^^T^ 

%^q ^^T 5 % 5 nf ^ 

^T^: ! 

qqr STqqTWqq^n'n^S^'^^^’ ^ 
qfq 

fq^qi^j %q 1 T 

«f#qqf%; I T i ■ 


ffr’qtqfrir q^ql'^T jRrawT 

jqqm^T 

I ^ fir^V 

5 r«t^ ft 

qqi^^^^qFff^T^^T ?q^^qqT ^^fit 
^ q??FqqT I mi^ fqqTWqqqFT^ 
f?[^: "Iq fpqqmgsprm^f^'^'^l^* I 
pcqqiiiRjfqsq, W 


mu 

3} ig' % g S i( 


XX J. X ix 
5T:^ If ;W 


<\ K. 



'TirtT l 

toot ^oT^ftrrgf^'ksrirr- 
0Tg53m^ I TOor^r^^q 

qqroii[4 trqirfq [ srqirirq 

prgforqfsig'rq^Tqpq ^qglrgiqj i 


3r^ 


qq[ BTqqqrtT SDiSTwg^rqqqrorg^fe I aprqt: qin-' 

01^: sTf w I ^DT#ig- 

I f q^wf? cfporgirqa^qjTfer i 

I -j-ar 

^ sfoiq qiq ^g fqgqrqq: i 

?r?T gt gmm i srqsriiT- 

qqf^ cigorsf^g^rfe i g^ fg arq wm 
qrgqiqg^: art m fqg mi\ 

i[ qgrot ai7qq>i;qtt TOOT^SOTSf^gqT^q 
^rgt g^t q^rro^q g%§r g#Tqqgroi3[# ^f^- 
g^g'^qTOOT^qpq %=5|?qgfq sf^gf^g'tqq- 
gwscqpq^^ qqfg I 


qqi argqqTDr ^rqqqrq lOTigr ^grqg? qrg^'M 
1 p: arq arqig; t ^ ^qig^itf^lqq 

'irn^K, 



I T^ 

sf^ ^R-cr w «T^f^ I ^ ’ 

fg: I ,. 

^ f sri^rrerr^^ ir^rT^r 

5tMr-. I ^ f^fmoTTR " T ■■ 

^g’woi ^Mif^ *f#cT I s^rll 

^sprionf^ ITSTTiTorrR ^ ^ ^ t 

i^ci I «rir qr^pcr f wiiif^ f woiif^ 

I ^sfq ^rR5=^ fWifT'irT^ I 
!WfH I 51^5^: i ^ig; i 

5F^ ?TT^ ir^r cfR?^ ^ fFTRir ^r- 

^«T ^HJT %|53: I 
smrarrf^ ^rf^ 

smr«JrRr I I- 

f^^qf%?5i^ I 

m «rt I stitr- 

01^ cfR^?T% m\ ^[JTiiRr^ 

^SRT^Rl gJI^iTTWR ^TSfJTT^^T f^«ifw- IT 
s?TT% w ^5WTWR I .... .. 

^qf%: 1 

^wif ^il% ?Igor3f^^^3i ^ ? f 


1 51^55^ K. ^ 5ni?r ^?OTi% ^^jTJnfjr w#^f i D. K. 



giriTiDT I ^- 

I ^cfi: qjteiOT 

1 3[R*TTW ^SfJIIWT^% ^T ^ W 

^0[T f WOTTrf? 1 f| IfsPTM 

?[5rmon?i: isRMRfw ^ w 
1 ^ OT U 5 ;^^TWqjRi:’ 3 [ 11 

%hm^ i 

m STlTTaT§:^iT% fS^'t^T fl^ I If * 

^| 5 [moT^ R^qf%?cjgrq 5 rmotJTRqr I 357: 
?jgi?TJTi?ror^R’ 75 Rm 5 T fsT^qrafe't wd^ \ ?i#T- 

w ^w ff^ww ^ 55p?rpjr ^ f ^ft^sf’TiDTJTM 1 ^ 

^ 1 % ^ir*TFI^ f5PTT%^T -1?T 
I S^T^SWM^ 'SmioR 
I fsr^nw st^jt- 

^5TTf% 1 

3T#qqT%: I 

- -Hi 

cTW qf^ERM t 

jmdPi I ^fiRIWfWSRFr^- ^ 55 

^ ^ 1 ff - 

eRM 3'3T 2TR^ ^[ERT'JlTf I 
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*» qrasiiK. 


q;^T^5fom 'jj^ m i 

fTR^ WT mi\> I sr?? w I 3^^ tTR- 

fgn I ??5rg^^% w% l 



?[ worra: I 


pt fis^ TTIPTM I SJf^JWToir ^- 

3Pt iM tT?r ^rnm I m 

2rTW?^^5WM#fi mi I I ^^m 

I ^g'swFTT^^ >rTfe 1 
^ ^ ’5ISWIW u^inoT 



ggif^iror^ ^ fr^^inoT i 
RDII3[f^R?ftct 1 ITcPRW ^ I lTc|5I- 

g[RFi; grgWM ^JTROTR =^ %cfT: RTRTJ SfTR: 1 
RrfT ^RT: I 'ST^ ^cn_ ^T ^cfT^ I 

gRra[ i ^sriort ^ 

^ WRT I ^R?fT I STSfRR- 

3 t«t 1 

i: 

w 

smton^^if? \ 


1 sr^wi^if^ cn^ wiar snur: i 3?^ <m ^ ^^*1, i\ K. 
^ B omits uw. \ wmi, K. 


^ ^ 5r 


^rswTDiiT I ?Rr 5n% i p- 

!5!5r5Tm^ f^N%: sprin^ir ?rsTr 

wm^ I grof? 

SfWoif swot ?R1% I 

I 

2ij% % ^ ?rTn^ q ??g?f: ^ ^ ^- 

^T^r: i I awfftt ii 

m ^hi I 
smroT^frf’^^ sHTM^ 

kn \ s^TRi^^rrm^ ^- 

^ sTflfT^ ^<ira5|5T% l 

w STJWPT^ f^5qf%;|srJTrDiJirfwi^ i^- 

\ cl^T 3TJI?n<JT ^f¥^f^ I 

3T^)^: I 

21^ ^WOT WfT^ ?RR?T% ^ ^■ 
^ra^sr^woT^ftTOTOr^^^Tr i t l i^ 

1 ^JTinor^ ^h- 
^rr^RTifwfT i JTri% | wtPrR- 

wm, I 




\m- 


^mm - 1 

1 

2rf^ 3TSRTW ^worg^iT ^cr^ ^sr^TTW f^fg; 

5nTFri[2TT5[’^^'TT ^Tci: I siwot ^ 

^smpiM f%®lf%: 3?5FTMI^fw^ ^JTTWTW ^JfT 

I ^ I I ^JT^rrom f^qf^lswMi- 
^flq^TTsflr l ^srfrmfwi ^sFfpin^r^ i 
It 

?rr f^T^=gr’!T m 

qsiT 3Tii?Trof^ w ^irror^ f^^’r^^- 

I jq-lsirruil^ ^STlfe W srWTO 

f^^^sRfffiFT ! mi^ I 3!5rw>r^ ^«Tfflr 

W ^PJI^ ^’sqf%^^TT^ I 

I 

m s^sriTTDr^jwwiinTnJTRT ^^'tt w sirin: l ^ 

ar h — —■■ . ^ ' i - — 4 srt- 1 — 1 ^ 
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BOOK L 

Deinitions. 

, Page 3. su is further on called 

and diyided into or plain superficies and or 

crooked superficies. 

Euclid does not seem to have mentioned crooked superficies, 
^Euclid leaves out here to speak of a crooked and hollow su- 
perficies, because it may easily be understood by the definition 
of a plain superficies, being its contrary. And even as from 
one point to another may be drawn infinite crooked lines, and 
but one right line, which is the shortest, so from one line to 
another may be drawn infinite crooked superficies, and but one 
plain superficies, which is the shortest.’ BiL 

^?r«^=A right-angle. In the definition of the word 

perpendicular is taken as one with which the reader is 
familiar, it being used in astronomical works well known to 
Sanskrit students in India. 

Page 4. angle other than a I’ight angle. It 

means either an acute angle or an obtuse angle 

made either by right lines or by crooked 

lines or by a right line and a crooked line. 

^rq^^=A segment of a circle. It is also a figure, being 
bounded by a right line and a crooked line. 

|f^=A figure. |;^=The circumference. circle. 

Page 5. qii%=The circumference. This is the word generally 
used in the work for the circumference of a circle, 

chord, which is defined as a line which does not pass 
through the center, but meets the circumference on both the 
sides and divides the circle into two unequal parts. 

Read in 'the definition^ (vide^he -emta).. ;■ 


is synonymous with and means an acute: 

angle. ' 

Page 6. ;^l^^=An oblong, called a long figure by BiL 

Page 7. ^^T=Parallel lines. The defioitioii omits 

the most important thing, that parallel lines must be in the 
same plane. Two lines may not meet even if produced on both 
the sides and may not still be parallel if they are not in the 
same plane. ' 

After this definition we have axioms, postulates, and an ex- 
planation of certain words used in the %vork. In Bil's work, 
postulates are called Petitions or Requests and axioms, Common 
Sentences. ' The axioms are called in the original Common 
Ufotiom: Tod. -p. 253, 

|r°=When a straight line, joined with another^ 
is a straight line, it looks as one straight line, and not as joined 
with another straight line (i. e. the two straight lines form one 
straight line ). 

^ ip^f^3f5T^T°=Those quantities which are multiples 
(doubles, triples &c. ) of the same quantity are equal to one 
another, 

f%°==Understand in the sentence. It is 

possible to take a point in a line and a line in a superficies. 

Pages. f%°=A point coincides with a point, a 

straight line with another equal to it, and a superficies with 
another equal to it, 

' Here must be taken to mean it is stated 

further on ^ 

%=5^g°=This is the First Postulate. The next two are 
the Second and Third Postulates. 

^°=Two straight lines, cannot enclose a superficies, 
but two curved lines or a straight line and a curved line can. 

two straight lines that are not parallel be 
produced in the direction in which the distance ^ between them 
is greater, the further they are produced, the greater the dis- 
tance between them; while if they are produced in the direction 
in which the distance is less, the further they are produced the 
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less the distance between them, till at length, the two straight 
lines meet together and tlie.n the distance between them 'goes 
on increasing. , ; 

i|f^^f^l=Technicality, Terminology. . 

Bil gives six Petitions (postulates) as follows : — 

T. From any point to any point to draw a right line. 

2. To produce a right line finite straightforth continually. 

3. Upon any center and at any distance to describe a circle. 

4. All right angles are ecpial the one to the other, 

5. When a right line falling upon two right lines, doth 
make on one and the selfeame side, the two inward angles 
less than two right angles, then shall these twm right lines 
being produced at length concur on that part, in ■which, are 
the two angles less than two right angles. 

G. That two right lines include not a superficies/ 

^ It is supposed by some writers that Euclid intended his 
postulates to include all demands which are peculiarly geo> 
metrical, and his common notions to include only such notions 
as are applicable to all kinds of magnitude as well as to space 
magnitudes. Accordingly, these writers remove the last three 
axioms from their place and put them among* the postulates ; 
and this transposition is supported by some manuscripts and 
some yersions of the Elements. ^ Tod. p. 253. 

It will be noticed that our text places the last three axioms 
along with postulates, and the twelfth axiom has a much 
simpler form. This however, necessitates a series of proposi- 
t-ions after the 28th proposition. 

Speaking generally it may be said that the methods which 
differ substantially from Euclid's involve, in the first place, an 
axiom as difficult as his, and then an intricate series of proposi- 
tions ; while in Euclid's method after the axiom is once ad- 
mitted the remaining process is simple and clear.' Tod. p, 2G3. 

Campanils shews how two other kinds of triangles, vm. an 
isosceles triangle and a scalene triangle, can be described upon 

;:theigiv0A,.line.;:^ 
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■■ "D'-pon the given line A B, . describe an e€[uilateral triaiigle , ; 

A B O. Produce, A B both ways, to meet 
t' ■/ circumferences of the circles in D 

/ , ' \ center B at the radius 

[ j describe , the circle D H G; and 

v ■ J from the center A at the distance A 

describe the circle F G H. From the 
point G, where the two greater circles cut 
,: one' anotheiv draw G A and G B to the points A' and B., Then,,' 
the triangle 6 A B shall be the isosceles triangle required. 

B is the center of the circle A G F, therefore B A is equal to 
B F. Again because A is the center of the circle B C D, therefore 
A B is equal to A D, But A B has been shewn equal to B F, 
therefore A D is equal to B F. To each of these equals add 
A B. Therefore the whole B D is equal to the whole A F. But 
B D is equal to B G, both being the radii of the circle D G II; 
and A F is equal to A G, both being the radii of the circle 
F G H, Therefore A Gis equal to B G and the triangle A B G 
is isosceles. 

A scalene triangle may also be described upon the given 
line A B. 


Take any point K in the circuinfer- 
ence of one of the two greater circles^ so 
that it may not be in one of the two sec- 
tions and the line D F may not concur 
with it when it is produced on either 
side so as to meet the circumference- 
Draw the lines A K and B K. Then 
A K B shall be the triangle required. The line A K shall 
cut the circumference of the circle F G K Let it cut it in 
L. Now because A L is equal to A both being the radii 
of the circle F G H; and B G is equal to B K, both being the 
radii of the circle D G H* and A G has been shewn to be equal 
to B G; therefore A L is equal to - B K, and therefore A K is 
greater than B K. Similarly B K may be shewn to be greater 
than A B. Therefore the triangle A B K is scalene. 

The point ^ may be Joined with either end of the given, line^: 
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i, c\ with either or the equilateral triangle ^ if may be 
described on either side of the line ^ ^ or ^ ^ and the two 
sides of the equilateral triangle may be produced in either 
direction. This vdll give rise to eight figures. 

Prop. 3 p. 10* ' 

The case in 'whioh one of the given straight lines cuts the 
otlier in one of the extremities is worth noting. 

Let A B and 0 D be the two given straight lines, of which 
fj D is the greater; and let C D cut A B in its extremity C. 
IVith the center A and radius A B, describe the circle B F. 

Upon A C describe an equilateral triangle 
A E C.^ Produce E A and E C to F and G, 
With the center E and radius E F describe 
the circle G F. Again with the center Cand 
radius C 6, describe the circle G L, cutting 
C D in L. Now because E F is equal to E- 
G, because they are the radii of the circle 
F G, and their parts E A and E C are equal, 
they being the sides of the equilateral triangle E A C, therefore 
the remainder A F is equal to the remainder C G. But AF is 
equal to A B, because they are the radii of tlie circle B F* 
Therefore C G is also equal to A B. But C G is equal to C L, 
both being radii of the circle G L; therefore A B is equal to 
C L. Therefore from C D, the greater, C L is cut off, equal to 
A B, the less, which was I'equired to be done. 

: Prop. 5, p. 12. . ' ' 

Alternative proof. 

Let A B J be the given isosceles triangle* In A B, take any 
point D. From. A J, the greater, cut off A H, equal to A D, 
the less (1.3)* Join DH, DJ, and 
H B. In the triangle A I) J, the sides 
D A and A J and the angle A are re- 
spectively equal to the sides H A, A B 
and the angle Ain the triangle A H B. 
Therefore B H is equal to D J, and the 
angle A B H to the angle A J D.t 


A 
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Similarly in tlie , triangle B D H, 'the sides D B and B II 
and the angle D B H are respectively equal to the sides J B’, 
J D, and the angle H J 1) in the triangle H J D. Therefore 
the angles B D H and J H D are equal and the angles B H D 
and J D H are also equal to one another;^^ Therefore the 
angles B D J and ■ B 'H J are eqnal.f Similarly in the 
triangle B D J, the sides B D and D J and the angle B D J 
are equal to the sides J H and H B and the angle J H B in 
the triangle B Therefore the angles A B, J and 

A J B are equalj Thus the required angles are proved equal. 

This proof is given in Bil/s edition and is attributed to 
Proclus, 

Bil. also gives another demonstration invented by Pappus, 

Let A B C be an isosceles triangle and let the side A B 
be equal to A C. Now understand this one triangle to be as 
A it were two triangles and thus reason. Because 

/ \ in the two triangles ABC and A G B, A B 

\ is equal to A C and A 0 to A B, and the angle 

\ B A C is equal to the angle C A B, for it is 
j \ one and the same angle, therefore the base 
^ j C B is equal to the base B C and the triangle 

B C A B C is equal to the triangle A C B; and 

the angle ABC is equal to the angle A C B and the angle 
A C B to the angle A B 0 (I. 4). 

Prop. 6 p. 18. 

It may be noted that there will be another case in this pro- 
position if the line equal to ^ ^ may be taken from the point 
^ instead of from It may be then demonstrated as follows:— 
Make sr ^ equal to (L 3). Join ^ Produce ^ ^ to f 

*(1.4). t (3 Ax.). $ Because the angles 1) B J and H J B are equal 
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and make ^ ^ equal to ^ (L 2% and join. .gi, I*'. 

Now in tbe triangles ^ ^ ^ and ^ ^ f , tlie 
sides ^ and ^ ^ are 'equal to ‘ the sides ^ 
and if ^ and the included angle ^ ^ ^ is equal 
to the included angle f if Therefore the 
triangle ^ if ^ is equal to the triangle ^ ^ 

(1. 4). The less equal to the greater, which 
is absurd. 

Prop. T. p. lo. 

■ 111 : the enunciation the word ifpJr is used io tlie sense of 
^extremities.. 

The proposition is enunciated and proved as follows:— 

The straight lines drawn from the extremities of one straight 
line’^' can meet in one point and never in another. 

From the extremities A and B (of the straight line A B), 
are drawn the straight lines A J and B- 
J, They meet in J. If it be assumed 
that two straight lines equal to them 
meet in another point, then draw A 1) 
equal to A J and B D equal to B J, 
meeting it in D. Join J 13. 

Now the angle A J D is equal to the angle A D J,f because 
A J is equal to A I). But the angle B J D is less than the 
angle A J 13. Then the angle B J D shall be less than the 
angle A D J also. Again the angle A 13 J' is less than the angle 
B 1) J. Then tlie angle B J 1) shall be much less than the 
angle.; B I) J. But those angles are equal ; because tlie sides 
B I) and B J are equal. This is absurd, because two equal 
angles liave become unequal. Therefore the straight lines A J 
and B JS cannot meet in any other point than in J. 

In Bib’s edition tlie proposition is enunciated as follows; — • 

If from the ends of one line be drawn two right lines to any 
point; there cannot from the self-same ends on the same side 
be drawn two other lines equal to the two first lines, the one 
to tlie other, to any other point. 

* SciL on the same side of it. f (I, 5 ). $ Or straight lines of equal length 
drawn from A and B. 




Only tlie first case of the proposition, the one that is given in 
the Sanskrit text, is proved in Bil/s edition. The other case in 
which the vertex of one triangle falls within another is attri« 
bated hy Bil. to Campanils. 

BiL has the following note on this proposition;--* 

^In this proposition, the conclusion is a negation, which very 
rarely happens in the mathematical arts. For they ever for the 
most part use to conclude affirmatively and not negatively. 
For a proposition universal affirmative is most agreeable to 
sciences, as saitli Aristotle, and is of itself strong and needeth 
no negative to its proof. But an universal proposition negative 
must of necessity have to its proof an affirmative. For of only 
negative propositions, there can be no demonstrations. And 
therefore sciences using demonstration conclude affirmatively 
and very seldom use negative conclusions.’ 

Greg.’s edition also gives only the case mentioned in the 
Sanskrit text. 

Prop. S. 

Philo and others demonstrate this proposition without the 
help of the seventh proposition as folloivs: — 

Let ABC and D E F be two triangles of which the sides A B 
and A C are respectively equal to the 
sides D E and D F, and the base B C 
is equal to the base E F. Then the 
angle BAG shall be equal to the 
angle E D F, Place the two triangles 
ABC and D E F in one and the same 
plain superficies. Apply the triangle 
ABC to the triangle D E F in such 
a way that the base B C may coincide 
with the base E F, the triangle D E F may be on the other 
side of the right line E F, and the vertex G may fall opposite 
to the vertex D. This can be done in three ways. Thus there 
arise three cases. 

In the first case the line F G falls directly into the line D F, 
Now because D E is equal to E G, therefore the angle ED F 
'is. equal 
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, Secondly let not F fl fall directly, but lnake,.^ with the line 
D F, a.ii angle within the figure. 

Join B G. 

Now because D E is equal to E G, therefore the angle 'ED'G 
is equal to the angle E G D (I 5). 
Similarly because D F is equal to 
F G, therefore the angle FD G 
is equal to the angle F G D ( I. 6 ). 
Therefore the whole angle E D F 
is equal to the whole angle E G F. 

Thirdly let F G make with D F 
an angle without the figure. 

Join D G. 

Now because D E is equal to E G, therefore the angle E D G 

is equal to the angle 
E G D (I. 6). Again be- 
cause D F is equal to ¥- 
G, therefore the angle F- 
D G is equal to the angle 
F G D (L 5). But the 
whole angle EDG has 
been proved equal to the whole angle E G D, and the part 
F D G to the part F G D. Therefore the remaining angle 
E D F is equal to the remaining angle E G F. 

Prop.: 9, p. 15., ' 

An objection may be raised that the point the vertex of the 







equilateral triangle ^ ff f*, may fall within 
the line ov outside it. Both these 
objections are answered in the text. 

The point ^ must be within the space 
included by the right lines ^ ^ and ^ 
Why 1 If it is not within this space, it must 
be on one of the lines or outside the space 
between the two lines as in the marginal 
figure. Then the angles and ^ 
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shall be: equal. But the angle ^ ^ ^ is eqiial to 'the' angle 
Thus if, the point ^ be on the side the whole 
'angle. ^ f and its part fr are equal This is absurd. 

If the, point be'oiitside ■ the side ^ ^3 then tlie nngle ^ 
shall be greater than the angle ^ It shall also be greater' 
than the angle ^ ^ w, because the angles g* ^ and ^ f ^ are 
equalq But the greater angle is equal to the angle 

^ ^ ' Therefore the part f ^ is greater than the whole 

^ ^ This is ■ absurd ■; because a part can not be greater 
than the whole. Therefore the point ^ must be witliin the 
space included by the two arms. 

This objection is noticed in Bit's edition in the following 
words: — 

' Here against this proposition may of the adversary be 
brought an instance.lf For he may cavil that the head of tbe 
equilateral triangle shall not fall between the two right lines 
but in one of them, or without them both;’ 

Alternative proof of Prop. 9. 



In the line D B, take any point Z. Make 
H V, equal to D Z.S Join Z H and V 13. 
Let T be the point where they intersect 
each other. Join A T, Then this sbail 
bisect the angle A. 

Proof of this. 

As proved in Prop. 5, the angles Z ii Jj 
and V D H are equal. Tiierefore D T is 
equal to H Thei*efore the triangle D- 


A T is equal to the triangle H A T." Therefore the Angle A 


is bisected. 


Note that in this proposition it is not necessary that the 
etpiilateral triangle which is described on ^ ^ should be de- 
scribed on the other side of it, remote from It may be 


* The triangle ^ ^ f being equilateral. t (I. 5). J (I. q). ^ Ulii 

instance is an objection or a doubt, whereby is letted or troubled tiie 
construction or demonstration, and containeth an iintriitli or an impossibility: 
and therefore it must of necessity be answered unto aud the falsehood tlierc 
of, made manifest.’ Bii. $'(I. 3), (I. 6). " (I. S). 
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described,, on that side., of ^ which is nearer, to- . Theft tliere 
anse -three .cases, of which one is given in the text -,^8 an alter- 
native proof. ,The , e€|nilateral triangle ^ ^ shall' coincide' 

with , the triangle,^ f if the sides ^ and ^ f. are equal to,, 
^ or shall fall -without the triangle if the sides 

.and are, less than or' shall, fall within the triangle 
^ ^ ^ if the sides ^ ^ and ^ f be less than ^ The fi,rst 
.case is the one given in the text as an alternative proof. 'The 
second is as follows;— 

Let B A ' J be the given rectilineal angle. It is required - to' 
K bisect it. 

In A B, take any point D. Make 
AH equal to A D (L 3). On D H 
describe the equilateral triangle D Z H 
(I. 1). Join Z A and produce it to 
meet D H in V. 

In the triangles D Z A and H Z A, the two sides D Z 
and Z A are equal to the two sides H Z and Z A, and the base 
D A is equal to the base H A. Therefore the angle Id Z A is 
equal to the angle H Z A (1. S). Again in the triangles D Z V 
and V Z H, the two sides D Z and Z V are equal to the two 
sides H Z and Z V, and the angle D Z V is equal to the angle 
H Z V. Therefore the base D V is equal to the base H V 
(L 4). Again in the triangles A D V and A V H, the two 
si<les A D and A V are equal to the two sides H A and A V" 
and the base D V is equal to the base H V* Therefore the 
angle D A V is equal to the angle V A H (I. 8). 

The third case is as under: — 

111 this case the equilateral triangle B Z H 
falls within the triangle A I) H, In the two 
triangles ADZ and A Z H, the angles D- 
A Z and H A Z are equal (1. 8). 

Prop. 10 p, 16. 

Another way of bisecting a given straight 

:;::'lifte;.-'-..is'As,;:;,undhf::-^.;y^ 

Let A B be the given straight line. It is required to bisect it* 
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From' 'the center A and tlie radius A B,.;, 
describe the circle B C D, and from the 
center B and the radius B A, describe the 
circle A C D and join the intersection- 
points C and D. Join also A G, A D, 
B 0 and B D. Let C D cut A B in E. ^ , 

In the triangles A C D and BCD the angle A C D can he 
proved to be equal to the angle BOD (I. 8), and then in the 
triangles" ACE and B G E, the base A E can be^ proved '.to 'be' 
equal to the base B E (I. 4). 

Prop. li p. 18. 

Alternative proof. 

It is required to draw a straight line at right angles to ^ ^ 
from the point 

In the right line ^ take the point Make ^ ^ equal 
^ to ^ From the point draw 

/ X the straight line ^ ^ at right angles 
y / to ^ and from the point dra^v 

^ ^ at right angles to ^ Bisect 

^ ^ ^ the angle ^ ^ ^ by the right line 

^ and the angle ^ ^ ^ by the right line § Then the 
point ^ is the point where the lines ^ and ^ ^ meet. Again 
make ^ ^ equal to ^ §;1I and join ^ This shall be at right 
angles to ^ 

Proof. 

In the triangle ^ tir the arms ^ ^ and ^ ^ and the angle 
W ^ ^ are respectively equal to the arms ^ ^ and ^ f and 
the angle ; 5 r ^ ^ in the triangle ^ ^ Therefore the angle 
is equal to the 'angle ^ ^ But, ^ .is ..a .right' 
angle. Therefore the angle ^ ^ ^ is also a right angle. There- 
fore the line is at right angles to ^ wdiicli ^yas required 
to be done. 

This alternative proof is simply a particular case of the pro- 
position in which a straight line is drawn at right angles to a 
given straight line from a point within it, the point being one 
of the extremities of the given straight line. 

* (PreeediDg case)'. ' f ■ '(I'- 3). |(I. -1). 
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Biit nientioiis this case and proves it in almost a similar 
manner. His proof is as under : — 

Let A B be the given riglit line and A 
be the given point in it. It is required to 
draw a straight line at right angles to A B 
from the point A. 

In A take any point C. From C draw 
C E at right angles to A B. Prom 0 E cut 
off CD equal to CA (1.3). Bisect the 
angle A C D by the line C F (1. 9). From the point I) draw 
I) F at right angles to C E, meeting C F in F. Join F A. 
Tben the angle at A is a right angle. Because D C is equal 
to C A and C F is comriion to the two triangles D C F and 
A G F and they contain equal angles at C, therefore the angle 
C D F is equal to the angle C A F (1. 4). But the angle 0 13 F 
is a right angle ( Con. ); therefore the angle CAE" is also a 
right angle. Q. E. F. 

' Prop. 12 p, 19. 

By should understand a straight line of um 

limited length, to ensure that it shall meet the circle. 

Alternative proof. 

In the right line ^ take any point 
Join ^ Making the center 
with the radius ^ describe a circle 
^ If the beginning and the end of 
the circle be in then the line 
is a perpendicular. The proof of this 
•\ve shall give in the Third Book.f 
If the circle end in but stops with 

bisect the line in the point g-. 
Join the right line ^ This is a per 
pendicular. The proof of this is 
shewn before ( L e. as given in 
first case in the text ). 

^ These two'-cases arise by ' not ' 

i. e. if the circle touches the line in €. f (III. 
turclc cuts the straiglit liuo ^ ^ iu the points,^ and ^ 




1 

r 


iog to the words, p. 18 I 19-20;. 

but by taking tlie point in the given- right line. ^ 

BiL notices both these cases: — -‘There may be in this pro- 
position another case. For if it be so that on the other side of 
the line A B, there be no space to take a point in but only on 
that side wherein is the point &c. The first case where, the 
circle touches the given right line is thus proved i— 

^ If it so happen that the circle which is described do not cut 
the line but touch it, then taking a 
point without the point E, namely the. 
point G, and making the center C, and 
the space C G, describe a part of the 
circuoiference of a circle, which shall of 
'B necessity cut the line A B/ Then the, 
case will be similar to the one in the test. 

Prop. IS. p, 20, 1 13. 

sum of these angles made by right 
lines. ; is here equal to 

Prop. 15. p. 21, 

‘ Thales Milesiiis, the philosopher, was the first inventor of 
this proposition, as witnesseth Eudemiiis, but, yet it was first 
demonstrated by Euclid/ Bil. 

Bil, notes that the corollary to Prop* XV., namely if two- 
straight lines cut one another, they make four angles equal to 
four right angles, gave great -occasion to Pitliagoras to find out 
the wonderful proposition, which is as under:— 

'Only three kinds of figures of many angles; iiamely, an; 
equilateral triangle, a right-angled figure of four sides, and a 
figure of six sides having 'equal, sides and equal angles, can fill 
the whole space about a point, their angles touching the same 
'.point/ 'v, ' 

"" Corresponding to *3? la the, text. 
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Prop. 10 p. 

After having proved the proposition' the author makes tSio 
following remarks : — 

From, this it is also known that if two right lines drawn ixom 
the same point intersect a third right' line, then the two angles 
formed on the same side of the lines shall never be equal. The 
direction here is to he taken from ..the lines drawn ■ from , the 
point. 

From the point ^ are drawn the lines ^ ^ and ^ ^ and 
' they meet the line ^ ^ in the points if and 

/ : Then the angles and sf ^ 

/ formed in the same direction, shall not be 

/ equal. Because the triangle ^ ^ is formed 

' / by the meeting of the three lines ^ 

^ s^). The exterior angle ^ tsi is 
greater than .'the angle iff ^ if. This is 
proved. Therefore what is stated is proved. 

This is in fact another way of putting prop. 16. Two 
corollaries follow this prop, as ineutioned in JBil, 

. ' '1. It is not possible that from one and .the self-same ■ point 
should be drawn to one and the self-same right line, three 

equal right lines. 

, A . A B, A C, and A D, draw'll ■from, the same 

A point A to the right line B D, can not be equal. 

I \ For if A B is equal to A 0, the angle ABC 

j \ shall be equal to the angle A C B (I. 5). 
/ \ Similarly if A B be equal to A the angle 

I A B D shall be equal to the angle A D B (L 5). 

B~c~ D B^t the angle A B D has been proved equal 

to the angle ACE. Therefore the angle A 0 B is equal to 
the angle A D B or A D C. This is absurd (1. 16). 
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2. If a right line falling upon' two right lines do make the 
outward angle ecpial to the inward and opposite angle^ these 
right lines shall not make a trianglca 

. 4 Though this is given as a Gor, by BiL, it 
is really the converse of the prop. 



Prop. 17. p. 23. 

This prop, may also be ' demonstrated 
■without producing any side of the given, 
triangle. 

In B C, take any point D. Join A D« 

The angle A D C is greater than the angle 
A B D] (I. 16) and so is the angle A D B 
greater than the angle A C D. Therefore the 
two angles A D B and ADO are together, 
greater than the angles ABO and ACB»^ 

^ B ^ But the angles A D B and ADC are together 

equal to two right angles (I. 13). Therefore the angles A B 0, ' 
and A G B are together less than two right angles. 

Bih mentions the following Cor. to this prop.: — • 

From one and the same point to one and the self-same right 
line can not be drawn two perpendicular lines. 

Prop. 18' p. 24. 

Alternative proof. 

.Produce the right line to the 
'point .Make ^ ^ equal tO'^ gA'':' 
Join ^ The angles Bf ^ ^ and 
^ ^ are equal.f ' But. The an,gle','''.,, 
BT ^ ^ is greater .than . the^ .angle 
^ ^ Therefore the .angle ^ w„'.' 
is' also greater .than, the angle Bf ^ 
■Again the angle W is. .greater... than., .the angle ^ ^ 

Much more therefo-re is^ the angle bt W ^ greater than the angle 
' Q.'E..,.D.' ' 





Aiiotlior alternative proof. 


17 . 


With the* center ^"aml tlie radius 
^ describe the circle ^ ' Pro* 

duce the line ^ ^ to meet the cir- 
cumference in Join ^ 

111 the triangle ^ the angles 
^ and are equal;^ But the angle 

^ ^ ^ is greater than the angle 
Therefore it is also .greater than the angle ^ 
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Prop. 20 p. 26. 
Alternative proof. 


Bisect the angle ^ by the right line 
^ ^4 .Then the angle ^ is great- 
er than the angle ^ ^ ^.$ But the 
angle ^ ^ is equal to the angle 
^ ^ ^.11 Therefore the angle ^^ ^51 
is greater than the angle ^ ^ Then the side, ^ '^sr shall be 
greater than the side ^ ^.§ Again the angle ^ ^ g is greater 
than, the angle ^ ^ ^ || But the angle ^ ^ is equal to the 
angle ^ ^ Therefore the angle ^ ^ cf is greater than the 

angle ^ ^ Therefore the side ^ ^ is greater than the side 

Therefore the sum of two greater sides is greater than 
the third. This was what we wished. 



Note that in this alternative proof, the proposition is proved 
without producing any of its sides. 

This alternative proof is noticed in Bil.’s edition. 

Another alternative proof. 

If the sum of 3T ^ and ^ be not 
greater than ^ then it must be ei- 
tiler equal to it dr less than it. Make 
^ equal to ^ Join ^ 

The-remainder '^ ^ shall be either 
equal 'tO' m or greater .than it. If it 



* (I. 5). t (L IG). t (.L 9). $ (I, 16), % (Cons.). §(1. 19), li ( L IG). 
(L 3). 
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he equal to it, the- angles ^ ^ and ^ ^ shall he equal ,to 
the angles ^ ^ ^ /and ^ .respectively."^” But the angles 
and ^ are together equal to two right angles.f 
Therefore the angles ^ ^ ^ and ^ ^ shall be equal to two 
right angles. This is absurd. Because one angle of a triangle 
is not equal to two light angles.l 

If the line, if ^ he greater than the line ^ the angle 
^ ^ ^ shall he greater than the angle if ^ Then the angle' 

^ if' shall he greater than the sum of the angles ^ ^ 

'and if ^ But these are equal to two right angles. § TlieFe- 
fore the angle if w ^ is greater than two right angles.' This 
is absurd 

111 this alternative proof, which is rediwtio ad ahsiirdimy 
it is assumed that one angle of a triangle can not be equal to 
two right angles. This follow\s from the l 7 tli Prop, in wliicjh 
it is proved' that any two' angles of a triangle are together less 
than two right angles. 

: Bil. makes the following' note on. this proposition ■ 

. 'Epicurus and such as .followed him derided this propositioiiy 
not counting it worthy to he added in the number of proposi-'. 
tions of Geometry for the easiness there-of, for that it is 'inani- 
'Test even to the, sense. ' -But not all things .manifest to sense 
are straightway as manifest to. reason and understandiDg. It 

* (I.. 5). t (I. 13). f Tliis case can be proved, in another way also. The 
cxte.rior atigle ^bt is greater than the interior and opposite angle ^ 

(1.10). Similarly the angle is greater ' than the angle (I. 16)* * * § 

Therefore the angles ^ 3? and ^ a? are together greater than the angles 
^3? ^ and Blit they are equal to tliem (I. 5), This is absurd.' " (1. 18). 

§ (I. IS). ** The second case may also be proved as under:— 

If possible, let A B and A G be together less than B 0. Mate B I) equal to 
A B and' E C equal to A C (L 3). Then the 
angles, B AD and B,D,A' are,, equal .and so also/ 
are -the .angles E A ,G: ancl 'E C A .'5). .B,ut.' 
the angle B.D A is greater than the angle D« 
A.O and therefore greater than the angle BAG 
.(I, 16), and similarly the angle 0 E A isgreat- 

.,er than the angle B,:,A'^'E ,'„and therefore, also greater than BAD (I,.. 16)., There- 
fore the angles B D A and C E A are together greater than the angles B A B 
and G A E, But they have been proved equal to them. This is absurd. 




pertaiiietla to one. who' is a teacher' of sciences by proof and de- 
iiionstration to render a certain and undoubted reason, why it 
so appearetli to the sense and in that only consistetli scic^nce/" 

Tod, has a similar note from Proclus.- Vide Tod.'s ' Elements 
of Euclid/ p, 259, 

Prop. 21 p, 27, 

Alternative proof. 

If tlie Slim of ^ and ^ be not less than the sum of ^ ^ 

and ^ it must either be equal to 
|\ it or greater than it. Noiv eitliei 

Cc \ lines ^ and ^ ^ is or 

/ \ \ either of tlie 

' y/ two lines ^ ^ and ^ ;sf. If it is, 

I assumed that ^ is less 

^ than Cut ofl* ^ ^ equal to the 

difference betiveeri ^ ^ and ^ b?.^' ■ fThen the point ^ shall not 
coincide with the point f*. For if it does, then the sum of ^ ^ 
and sf f shall be equal to Therefore the sum of ^ ^ and 
^ shall be less than the line ^ This is absurd,! because 
the sum of the two sides of a triangle is greater than the third. 
Again the point ^ shall not fall within the line ^ For if it 
falls, then the sum of ^ ^ and ^ ^ shall be much smaller than 
which is absurd. Therefore the point ^ shall be in 
the line f*. Join ^ ^ and 

Now the line which is equal to the sum of the lines 
^ ;sr nnd' ^ If, is greater than' ^ Therefore the angle ^ n* ^ 

* (L 3). It 13 argued that the sides «r^ and ^ W, if not greater than ^ -jT 
and ST wT, must be either equal to them or less than they. In either case cr sr 
may or may not be less than either ^ or 3T Let it be less than ^ ST. 
Then must be greater than ^T ^ (because sr ^ and ^ ^ are together equal 
to or greater than s? ^ and ^ ^ and ^ ^ is less than Make 3? ^ equal 

to «r^-~^3T. f Before this, scih ‘Produce to meet 3?vf in ^ aT-g-rs 
y. q[|=^eT4.3T| (assuming | to coincide with 

^). A. 3T-f.'3T •/ ^|<C5r f. § ^ 1 =:^ 3T+3T but sr ^T-|-3T ifC^ 

g.3iq.BT^ (assuming ^ to fall within |«f). but 

much more ,% ^ 9?-f3T|<C^f. 
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is greater than the angle ^ ^ When ^ ^ is equal to: the 
smii' of ^ ^ and ^ then f shall be equal to or greater than 

Therefore the angle shall 
be equal to or greater than the^ angle 
^ ^ If.ir If be equal to ^ then 
the angle if n ^ shall be equal to the 
angle if ^ If ir ^ be greater than 
^ then the angle ^ ^ ^ shall be 
greater than the ■ angle ^ , And 

...... UX.V, ...g.v. ^ .hair be greater than the sum of the 

angles. ^ ^ ^ and if ^ ^.S This is absurd. Because the sum 
of the angles ^ ^ |r and if ^ ^ is greater than two right angles, 
and the angle ^ ^ if also shall be greater than the sum of 
two right angles. This is absurd, because one angle of a triangle 
is much less than the sum of two right angles. 



Again if the side if ^ be not less than the side ^ and the line 

^ ^ be not less than the line then if ^ and ^ ^ shall be equal 
to or greater than if ^ and ^ if. Join if As was proved in 
the first case, the angle ^ if ^ may be proved to be equal to 
or greater than the sum of the angles ^ ^ if and ^ ^ if. It is 
absurd in both the ways. Because the sum of the angles ^ ^ il 
and if ^ if is greater than two right angles, and^ the angle ^ 
is one angle of a triangle and has become equal to or greater 
than two right angles. This is absurd. Because it is a rule 
that in a triangle the sum of any two angles must be less than 
two right angles. Therefore the sum of the lines w ^ ^ ^ 

is less than the sum of the lines ^ if and if 


Now, the line if ^ should be produced to the pointy. Then 
the angle ^ ^ ^ is , greater than the angle ^if^,§ and the 
angle': ^ ^ ^ is greater than the , angle if if ^.§ Therefore 
the angle ^ ^ if is proved to be greater than, the angle ^ if 
This is just what we wished. 

■ ; , Page ,29 1. 2 ' 


If should rather have been put as 

*,.. (1. 18). t Because is equal to- .er less than, ai W+a?5r -(by. as* 

sumption). % (I, Sand 1. 18), ' $ Because the angle : has ■ been .shewn 
to be greater than the angle IT. | (I, 16). 
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is, greater than A B (I 19> 


,, Note that if straight lines are drawn from both the extrem- 
' ities of a side of a triangle to a point within the triangle, then 
' alone are they less than the other two sides of a triangle and 
.contain a greater angle. If, however, one straight line is drawn 
from one extremity of a side of a triangle and the other from 
any point in the same side, to a point within the triangle, these 
two are not necessarily less than the other two sides of the 
triangle. They may sometimes be greater than the other two 
sides of the triangle and may sometimes contain a smaller angle. 

Let ABC be a right-angled 
triangle. Take any point D in 
B C and join A D, 

In the triangle A B D, A D 
Cut off D E equal to A B (I. 3). 
Bisect, A E in F (I 10) and join F C. 

In the triangle A F C, A’F and F C are together greater 
than A C (L 20). But A F is equal to F E (Con.), therefore 
F 0 and F E are together greater than A C. To each of these 
unequals add E D or A B which is equal to E D. Then F C, 
F E, and ,E D are together greater than A C and A B. Q. E. D. 

Secondly, let ABC be an isosceles triangle of which the 
A base B C is greater than either 

of the two equal sides A B and 
A 0. Make B D equal to A B 
i"” B c (L 3). Join A D. In A , D, take 

•any point E. Join E C. ■ Then the angle ^-C E D shall be less 
than the angle B A C. 

' ' A B,, is equal to B D' (Con.). Therefore ■ the angle B ' A D is. 
equal to the angle ■ A D B (L 5). But the - angle A D B is 
greater than the" angle- 0 E D (1. ,16). Therefore the angle 
B' A D is also greater than the angle C E D. Much more there- 
fore is the angle BAG greater than the angle C E D. Q. E. D. 

Prop. 22 p. 29., ,, 

After having proved the Pro. the aiithor observes as follows: — 

If we are asked why the three given lines- are so taken that 
any two of them are together greater than the third, we have 
to remark that it has already been demonstrated that the sum 
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of any two sides of a triangle is ' .greater than the ■ third side„ 
It is therefore that the two circles cut each other. If the sum. 
of A and B be not greater than J, then the line V T shall be 
either equal to or greater than V D. Then the circle K T L 
shall make the circle K D L fall within itself. It will touch 



the circle K D L in the point D, when V T is equal to V D. ■ It 
will go beyond D when V T is greater than V D. It will mot 
meet the other circle again. 


If the sum of the lines Band J is not greater than A, then the 
circle K D L shall make' the -.circle K T L fall within it. Why ? 
If ■ D Z be equal to ZT/then the 'circle , D.KL shall touch the 
other circle in the point T, If D Z be greater than Z T, then 
the circle D K L shall pass beyond the point T. Then too the 
two circles shall not meet. 



Again if the sum of the lines A and J be not greater 
than the line B, then the line Z V shall be equal to -or greater 



■ than the sum 'of ' the 
lines VT and ZD. Theii 
too the circles shall not 
“ meet. Thus then one 
circle shall not make an- 
other fall within it, hut 
the two -circles shall stand separate if V Z is greater than the 
siiiii of V T and Z D. 

On this proposition Bill, observes as follows: — 

dn this proposition the adversary per adventure will cavil that 
the circles shall not ciit^ the one the other (which thing Euclid 
piitteth them to do)/ He then proves that the circles must 
cut one another as follows:— 

If the circles do not cut oiie another, they wdll either touch 

one another or shall be dis- 
tant, the one from the other. 
If possible let them touch 
one another. Then because 
T V is equal to V Land LZ 
to Z D, they being the radii 
of the circles, therefore T V and Z D are together equal to 
T Z, that is, A and J are together equal to B, which they are 
not (Hyp.). Therefore the circles cannot touch one another. 

Nor can they be distant from one another. If possible, let 
them be distant from one another. Then because T V is equal 
to V L and M Z is equal to Z D, they being the radii of the 
circles, therefore T V and Z D are together equal to V L and 
M Z. But V L and M Z are together less than V Z. Therefore 
TV and ZD are together less than V Z, which they are 
not (Hyp.). Therefore the circles shall not be distant from 
one another. They must therefore cut one another. Q. E, D, 

Prop.,:.24' p,' 81. 

In this .proposition,, there 'are ' three cases; for the -line'f.w 
may fall either above or on it or under it. The first case 
is proved first and the second and third cases are given as an 
alternative proof; because Euclid gave only one case, vi^., 
that in ■which falls above the line f fr* 
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The third case ma,y be proved without joining and pro- 
ducing ^ ^ and ^ ^ to and ff. For ^ ^ and ^ ^ are together 
less than ^ ^ and g- ^ (I. 21). But ^ ^ is equal to ^ ^ (Con,), 
Therefore is greater than But^^ is equal to 

Therefore ^ if is greater than ^ Q, E. D. 

Prop. 25 p. 33. 

Alternative proof. 

With the center at the radius ^ describe the circle ^ 

Produce f ^ to . Mate ^ g 
equal to g Again with the 
center ^ and radius ^ de- 
scribe the circle g g. The circles 
intersect one another in the 
point g. Draw the lines and 
f g. Then the three sides of the 
triangle ^ ^ g are equal to the three sides of the triangle g 
The angle f ^ g is equal to the angle g ^ g.f But the angle 
^ ^ W is greater than the angle f ^ |r. Therefore the angle 
is greater than the angle ^ ^ H*. Q. E, D. 

This is a direct proof and is similar to that of Mechanicus/ 
mentioned by BiL, though it is less complicated than that of 
Mechanicus. 

Prop. 26 p. 35. 

Alternative proof* 

If ^ g is placed on ^ g, then the side ^ g shall fall on the 

side and the side 'g;g shall 
fall on the side ^ |f. Because the; ■ 
angle is assumed to be equal ; 
to the angle and the angle gto-;, 
g, and the side ^gto the side 




^ ^ ' Thus the angle, g shall coin- 
cide, with, the, angle and the triangle with the triangle. . 

■ Again if the -side gg is assumed to be equal' to the side 
' and the angle ^ be placed on the angle and the line on 
the lme;§* then thO' point ^ shall coincide, with the point, ,|f. 


(1. 3). tCL 4). 
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Then the angle ^ shall fall on the angle 9?- ^*^Then 

on it, it shall fall on some other point, as on the point 
the angle ar gr W shall be equal to the angle srsi^- , 
absurd. Therefore the angle ^ shall fall on the ang ? 
the angle sr on the angle Then the two triangles a 
This is just what we wished. 

Prop. 29p. S7. ^ ^ ^ . proposi- 

The proof of this proposition depends upon eig " 

tions. The first of these is as follows ^ a given 
Of all the straight lines that can he drawn . shortest, 

noint on a given straight line, the perpendicular is - 

^ j « « the given 

Let ST be the given point and g 5r 

straight line. From the point «fj 

perpLdicuhr The» this to* 

the shortest of all the lines. 

. . Then 

Draw the line ^ sr from jl’t angle. 

5 f is a triangle formed. The angle sr ^ ST js 
Then the angle is an acute angle.* l-her ^jgjjed. 

81 g is less than the side sr sr-t This is just wna 

Prop. II. nA if a straight 

If two perpendiculars on a line be equal anu ^ 

line should be drawn on the top of these two T® 
then the angles formed at the point where the p F 
meet the line at the top shall be equal.§ 

Let equal perpendiculars ®r ^ and gi ^ he drawn £Qj,jjje(i. 

gr8{ be drawn, joining their tops. There two ang es 

These angles, gr si and f ist sr, shall be equal. 

Proof# » , fi20 

Join sr ? aad g' They meet in Then la equal 

^ g g, the sides g? g and g g and the angle triangle 

to the sides gr g and g g and the angle 5f ? ^ and the 

51 g g. Therefore the sides ar f and g ® g sr ^ and 

angles ar g W and 
* (I. 17). + (1. 19). 

§ The enunciation may be better worded as follows:— ^^jg„iatstoa given 
The line joining the free extremities of two equal perp 
straight line makes equal angles with the perpendiculars. 
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eqiial^ Thus- in ■ the triangle' ^ ^ ' the angles, ,:': 

^ ^ ^ and ^ ^ are eqoal. Then the sides' 

^ and f are equal.t Therefore the 
sides ^ ^ and ^ f are equal. f Thus in the 
triangle ^ ^ ^ the sides ^ ^ and ^ ^ are- 
equal, therefore the angles ^ ^ ^ and 5- ^ ^ . 
__ are equal.J But the angles ^ ^ g and ^ 

; ^ have already been proved to be equal 
Therefore the angles ^ ^ and ^ ^ ^ are proved equal.$. This 

is just what we wished. 

Prop. III. 



If two perpendiculars on a line be equal and if a straight 
line be drawn, joining their tops (free extremities), then the 
angles formed by this line with the perpendiculars shall be 
right angles. 

On the line ^ ^ are drawn the per- 
pendiculars ^ ^ and ^ ^ and ^ m 
also joined. Then the angles ^ 
and' are equal | and shall be 

right angles, 

' Why?' 

If these two angles are not right anglesy then they shall be 
both obtuse angles or acute angles. If they are both obtuse 
angles, then from the point draw the straight line ^ f at 
right angles to ^ |1 This straight line shall fail between bt ^ 

aiid^rf. Then the angle shall be the exterior angle , 

„of' the. triangle BT^ !;• This angle is greater . than the angle.' 

But the angle is a right angle. Therefore 

the angle sf ^ is an obtuse angle. Again from the point 
^ , draw ^ right angles to ^ " This perpendicular shall 

fall between the right lines ^ ^ and Bf The angle f fcqic 
shall also be an obtuse angle, ^ being greater thian the interior 
and opposite -angle; B*r fC- .Again from the point draw 
^ at right angles to ^ bt? ^-^d from the point 1^, driw ^ ^ 



(t. 4). t (I. G). If (a ax.), t (I- 5). $ C-2. ax.}. § (Prop, ii). 

(L 11), (L IG). " (1. II). « (I. 16). 
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at riglit angles to ^ Other perpendiculars should be 
similarly drawn. From the points and the perpendiculars 
drawn on w ^ W ^ f and ^ Of these each succeeding 
line shall be greater than the preceding line and ^ ^ shall 
be the smallest of all Why? Because in the triangle 
the angle ^ is a right angle, therefore the angle is an acute 
aiigle.f Therefore the side ^ ^ is less than the side sf f4 
Similarly in the triangle ^ f the angle ^ is a right angle, 
therefore the angle ^ is an acute angle. § Therefore the side 
^ ^ is less than the side ^ ^.IT Similarly the side ^ ^ shall 
he less than the side ^ ^ and ^ ^ less than g- gf. The side sf ^ 
is less than w ^ ^ loss than ^ |f, and ^ ^ less than g* 
Thus each succeeding line becomes greater than the preceding 
line. The distance of ^ ^ from ^ ^ becomes greater in the 
direction of ^ and less in the direction of 



Again if the angle ^ ^ is also an 

obtuse angle, the distance of the line 
^ ^ from the line ^ ^ may be similarly 
shewn to be greater in the direction 
of But it has already been proved 
that the distance in the direction of ^ becomes less. This is 
absurd, being inconsistent 

If the angles ^ and ^ are acute angles, then also perpendi- 
culars should be drawn as in the 
preceding case.|| The first per- 
pendicular should be drawn from 
the point ^ on ^ if. These per- 
pendiculars shall be between the 
lines ^ and if These m % 
^ and ^ g* shall be each less 
than the preceding one. The 
line ^ if shall be nearer the line 
g in the direction of , and 
further fi'oni it in the direction 
of 



MI. H). t(L 17). t (I. 19 I. 17). f (1,19). 
i; 111 this case they are drawn tu tlie opposite side. 

2 o'", ' 



Again perpendiculars, should be drawn .from' the point^ 
Thus ill the way described above the line ^ ^ shall be nearer 
to the line in the direction of ^ and further from it in the' 

direetiGn of Thus one and the same line becomes further 

from and also nearer toAnother line in the same direction 
This is absurd, being inconsistent. Therefore it is proved that ' 
■the angles and ^ are right angles. This is just what we 
wished. 

Pro.p, IV. ... 

The opposite sides of a right-angled quadrilateral figure are 
equal.' 


In the right-angled quadrilateral figure ^ ^ the sides 
^ ^ and 121 ^ s-laall be equal. If they are not equaf one of 
^ ■■ them must be greater than the other. 

; Let ^ ^ be the greater side. ' From it- 
' cut off- ^ ^;ec|ual to ^ Join ff ,, 
'Then the angles ^ and shall 
be right angles.f ..Because the "per-,, 

■ pendieuiars and f* ^ are equal.' 
But. the angles ^ ^ and ^ ^ are 

assumed: to be right angles. ■ '.Therefore the ' angles ^ ^ and 

^ f are equal But the angle ^ ^ f is a part of the angle 
^ This is absurd.. Similarly' the . exterior ■ angle ^ ^ ^ of 
the- triangle w ^ 1* is equal to the interior angle bi ^ This 
is ^alsO’ absurd. ....Therefore .the sides'^ and ^ are equal 
This is just 'what we wished. 

Prop. V, 



If two perpendiculars be drawn to a line and' a straight line 
■be drawn across the perpendiculars, ..of the .four angles inade, .by 
the line with each perpendicular, an angle made in one direc- 
tion ( of the line ) by one perpendicular shall be equal to the 
angle made in the other direction ( of the line ) by the other 
perpendicular,! the exterior angle made by one perpendicular 
shall be equal to the interior angle ( interior and opposite angle 
on the same side of the line ) and the interior angles ( on the- 


*(1.3), t ( Frop. XIL ..ft, e, the alterate angles stall be cqnaL 



same side of the meeting line) made' by the two perpeiidic'iilars 
siiaii be together equal to two right angles. 

To the line ^ are drawn the perpendiculars ^ ^ and ^ 

and the line ^ ^ falls on them. 
Then the (alternate ) angles ^ ^ ^ 
/ and f ^ ^ at the points ^ and 

/ I shall be equal, the exterior angle 

1/ I W ^ ^ shall be equal to the interior 

angle ^ g f (on the same side of 

' ^ the line ^ g) and the sum of the 

{ interior ) angles ^ g g and g g g (on the same side of the 

line ^ ^ ) shall be equal to two right angles. 

Proof, 

If the lines g and g ^ be equal, then the four angles fomi« 
ed' by them ( with ^ and g g ) shall be ■ right angles;^^ 
Then what we \?ished to prove is evident. 

' Tf the line g ^ be not equal to. g but if g ^ be the greater 
of' the two, then from g g, cot off g ^ equal to ^ g.f Join 
^ g. Out off g ^ equal to g. Join ^ Then g ^ g ^ is 
a light-angled quadrilateral figure. | In the triangle g g 
the sides g, ^ and ^ g and the angle ^ are equal to the sides 
g ^ g and the angle ^ in the triangle g ^ g. Therefore the 
angles g g and g g ^ are equal.§ But the . angle g g ^ ■ is 
equal to the angle ^ g g.f Therefore the angles ^ g g and 
g g^' are equal. 1| ' Again the aogies.; g g g and g g are 
together equal to two right angles. $ Therefore the angles 
g gg and gg ^ are together equal to twm right angles. This 
is "just what was wished, ■ . ■ ■ ' 

Cor. The line which is perpendicular to ''one of .the two per- 
pendiculars is also perpendicular to, the other, . 

Prop.VI 

If the four angles /formed by the. intersection of two lines be 
not right angles, then .a perpendicular’ on one of the lines shall 
meet the other, line in the d,irectio'n of the acute angle. 

* ( Prop. Ill ). t ( I. S ). t ( Prop. Ill ), § ( I 4 ). f ( 1. 15 ). 

11 (Ax, I). 1(1.13). ■ 



so 


The two lines ^ ^ and ^ ^ meet in - The angle ^ ^ ^ is 

an acute angle. The angle 
^ f ^ is an obtuse angle. 
Let tliG' perpendicular g 
be drawn on the line 
Then this perpendicular 
shall meet the line ^ ^ in 
W ~lf W the direction of 

. Proof. 

In the line ^ take any point g*. Draw the perpendicular' 

Let it be considered whether this perpendicular shall fall 
between the points ^ and f 3 or on the point or bejmnd 
the point 

If it falls between'^ and f', take another line and divide it 
into parts equal to ^ so that these parts may be more than 
those I into which ^ ^ can be divided. Let them be ^ g, g 
and ^ In the line - ^ f make g ^ ^ and 
equal , to ^ g.| ' From the points and % draw the 

perpendiculars and igg on the line ^ From 

the point g, draw the perpendicular g g on the perpendicular 
;g ^. 1 [ ' Then in the. triangle-.^ g^, the angle ^ g 55 is equal to, 
the angle g ^5$ the angle ii* ^ g is equal to the, angle 
g ^ and the side f g is equal to the side g -f- Therefore 
f ^ is equal to g g.|| But g g is equal to ^.§| Therefore ^ ^ 
'and ^ ^'are equal. Similarly ^ ^|•,and g g are equal. Thus, all 
the divisions of ^ g are mutually equal and are also equal to' 
the-', parts of ^ g. Therefore .the lines ^ g and'^ gr are equal 
But ,. is greater than ^ ^.IFIT, Therefore f g is greater 

than,^'fl'«' .Therefore .the perp'end.iciilar g, is, beyond, the 
points and f;,- and the ■perpe-ndieiilar , g.,^. is .within, the 
triangle 'q; g , Therefore, the perpendicular, g fr,l being .p'ro- 

«- gr ^ g being an acute angle, and not. in tlie direction of «r, g f W being 
obtuse. \ § ,(.13). f (1.12). 

11 (1.12). , lln tbe tri^^ They being right 

angles., ■ '. ' tt .(Con,.Jt , y,,' ,■ { I ..26 §§ (,Prop.,IV. ), %% Because 

^ g, is difided into, a greater, number, of parts than f g. '- 
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diiced, meets the line that is, it meets the line ^ This 
is just what we wished. 

Again if the perpendicular g* ^ falls on the point g- then ^ ^ 
and ^ ^ shall coincide. Then there shall of course be a meet- 
iDg ( of the perpendicular with ^ ^ in the direction of ^ If 
the perpendicular g- ^ is beyond the points ^ and then the 
perpendicular ^ ^ shall be within the triangle ^ ^ ^ and shall 
necessarily meet ( the line ^ ^ in the direction of ^ ). This 
is just what we wished. 

Prop, VII 

If a straight line falls upon two other straight lines and if 
the interior angles on one side are less than two right angles, 
then the two straight lines shall meet in that direction only. 

Let the line ^ ^ fall upon the 
two lines ^ ^ and ^ ^5 and let the 
interior angles m ^ ^ and ^ ^ ^ 
on the same side (of the line f fr) 
be less than two right angles, 
then the line ^ ^ shall meet 
^ ^ in the direction of ^ and 

Proof. 

Of the two angles mentioned above, one is either a right 
angle or an obtuse angle or an acute angle. If one is a right 
angle, the other shall be an acute angle. Then the two lines 
shall necessarily meet in the direction of the angles. If one 
angle is an obtuse angle, let sr ^ be assumed as that angle. 
From the point ^ draw the perpendicular ^ ^ on ^ ^ and from 
the point draw the perpendicular ^ Now ^ ^ 

fails upon the two perpendiculars^^ and^gf. Then the 
angles ig" f ^ and g* ^ f are equal.f ' But the angles w ^ ^ 
and are less than two right angles, | and the angle 

^ a '■ right angle.§ Therefore .the .angles - and 

f ^ are together less than one right angle. ■ Therefore the 
angles g* and\f* are together less, than' one right 

angle. But. the angle g ff' is a right. angle. Therefore the 

lines and g ^ shall meet'' in- the direction of ^ and g. 

*'(X. 12. ; t,;.('Prop. V.:A (Hjp.J. § (Cods.}. 
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If botli the angles be acute, then draw from the point ^ the 



perpendicular f g* on the line ^ ^ and 
from; ^ draw the perpendicular ^ g- on 
the line ^ Now the angles ^ ^ ^ 
and'^^^ are together, equal to the 
angle ^ ^ and because the angle 
m ^ right angle,]: therefore ' the 


angles ^ ^ f and ^ ^ ^ are together equal to a right ■ angle. 
Take away these ' angles from the angles ^ ^ ^ and ^ ^ 
Then the reinaioing angle ^ ^ ^ is an acute angle. The amgle 
Wf w I* is a right angle. Then the lines ^ ^ and ^ ^ shall 
meet in the direction of ^ and 


Alternative Proof. 


If both the angles b? ^ and I” b© acute, then from the 

point ^ draw the perpendi- 
cular ^ ^ on the line ^ 
Then the angle ^ ^ is a 
right angle, and ' the angle 
f* ^ is an acute angle. 
Then the lines f ^ and ^ sisj shall meet in the direction of^. 
Therefore the lines ^ bi and n* ^ shall also meet in " the 
direction of 



An alternative proof of Pro.p. VII. is based upon eight, pro- 
positions. Gf these five are those, given, above. 

, Prop. YI 

If one of the arms of an acute angle be divided into as many 
equal parts as we wdsh and if. from, the points' making those, 
parts, perpendiculars be drawm on the second arm of the U'ligle, 
then these perpendiculars shall divide the second arm into 
•equal parts. .. 

Let be an acute angle. .Let one of its arms he 

divided into equal parts sr 
^ ^ and 1“ ' F,rom ' the points 

f-jUnd ff . let, the perpendi- 
■ culars' ^ ^ g*, and ^ g be 

^ ■ drawn. o,n' bt g.. ' ■ Then these 

* ( 1. 12 }. t Because the angle 5|f f W is equal to the aBgie S' ^ 

.(Prop. Y.).,,' ''.J: 
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perpendiculars stall di¥ide the. arm ^ ^ into the equal parts,, 
and ^ 

. Proo£ . 

At the point ^ in the line ^ ^ make the angle equal 

to the angle Let ^ ^ meet f in 'Now in the triangles 
^ ^ and ^ ^ the angle ^ is equal to the angle ^ ^ ^4- 
and the angle ?if ^ ^ is equal to the angle ^ ^ and the 
side is equal to the side ^ Therefore the side b? 
shall he equal to the side ^ Now as the' angle ssr ^ ^ is a 
right angle, the angle ^ ^ ^ is also a right angle, being equal 
to . it. Then is a right-angled quadrilateral figure. 

Therefore the side ^ ^ is equal to the side ^ g*.ir Therefore 
^ ^ is equal to g similarly ^ shall be equal, to ^ g-. This 
is just what we wished. 

Prop, VIL 


If a point be taken v^ithin the two arms of an angle, it is 
possible to draw a line p?«ssing through that point, equally 
meeting' the two arms. 

Let ^ be a point within the two arms ^ ^ and ^ ^ of the 
angle si ^ With the center ^ and the radius ^ ^ describe' 
the arc f ^ g*. Join the line.f Bisect' 
the angle f ^ fr by the line ^ Both 
the parts shall be acute angles.®' In the 
triangles f* and ^ ^ the sides ^ ^ 
and' ^ ^ and the angle f g ^ are equal 
IP to the sides ^ «r ^ ^ angle 

^ Therefore the' ■ angles ^ ^ f and 
^ ^ If are equal^^' Therefore they , are 
right angles* Produce .the , line ^ ^ 
the point Let 'this line meet the 'arc 
'.f in 'the. point, Take, a line; 
representiog .the multiple ^ ^ such 

that it may be greater theol the. line.. ^ ^ :.Let that .line be 

^ ^ drawn else'w.here, ■, .Divide, the lime into parts equal to- 





* i I. 23 ). t ( Coa. ), ' t' ( Prop.;'y, ),' ' '■ § ( I. 26 ). f { Ti'op. IV. h 

( L 10 ). f Because the wliole.„is an acute aagle; .' .'■ .' 
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^ ^ or its multiples. Let them be and f From the 
points f and % draw the perpendiculars ^ ^ and ^ ^ on the 
line ^ These perpendiculars shall divide the line ^ ^ into 
equal parts and ^ These parts are equal to the parts 
of sr ^.f Therefore the two parts together shall be greater 
than ^ Therefore the perpendicular ^ ^ shall fall beyond 
the line ^ Cut off from the side ^ ^ equal to ^ and 
draw the line ^ Then in the triangles g* and g ^ the 
sides ^ g and ^ and the angle ^ g g? are equal to the' sides 
If g and g ^ and the angle if g Therefore the angles g 15^- 
^ and g ^ n are equal. | But the angle g ^ ^ is a right angle. 
Therefore also the angle g ^ g is a right angle. Therefore the 
line ^ ^ n is one straight iine.lf Produce the line g g to g, 

■ At the point g in the line g g, make the angle g g equal 
to the angle g g ^.H Then the lines ^ g and ^ g are 
parallels Produce the line g so that it may go beyond the 
triangle g ^ g. Let it meet the side g ^ in tg and g g in 
Thus the line iq|^ g ^ passing through the point g meets the 
arms ^ g and g g ( equally, i. e, making the angles g ^ g and 
g ^ g equal, they having respectively equal to the equal angles 
g ^ ^ and g g ^ ). This is precisely what we wished. 

Prop. VIII 

If a straight' line falls upon two other straight lines and 
makes the two interior angles on the same side of it together 
less than two right angles, then the two straight lines shall 
meet in that direction only ( in which are the angles which are 
together less than two right angles ), 

: Let g g fall upon the two straight lines g g and g g so that 

the two ( interior,), angles g- 
g g and g g g ( ,on the same 
side of the line g g ) are ,to-, 
gether less "than two,,' right 
angles. Then' the 'two*^lines 
(g g andgg) shall- meet 


* ( Precediiig Prop. ), ' 'f Because g is a multiple of g g. J ( 1. 3), 



in, the direction - of vg and g. 
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• Proof. 

Produce the line g ^ on. both the sides to the points f and 
From ^^j cut off ^ ^ equal to ^ Now the angles 

^ ^ and ^ ^ are together less than two right angleaf But 
the angles ^ ^ ^ and w ^ f are together equal to two right 
angles-l Therefore the angle ^ ^ f is greater than the angle 

^ At the point ^ in the line ^ make the angle ^ ^ g* 
equal to the angle ^ ^ and ^ ^ are the arms of the 

angle ^ Through the point ^ ( within the arms of the 

aiigle g* w ^ )j ^ ^ ^ meeting the two arms ( g- ^ 

and gr^)* ^^ow the angle ^ ^ ^ is greater than the angle 
g* ^ ^ J At the point g* make the angle equal to the angle 

^ ^ ^41 Produce the line gr ^ so that it may meet the line 
^ ^ in Then the lines ^ ^ and ^ shall meet one another. 

Proof. 

Place the line ^ iq* on the line ^ Then the line ^ ^ shall 
fall on the line ^ ^ ( or rather ^ ^ and the line ^ ^ shall fall 
on the line ^ Therefore the lines ^ ^ and ^ ^ shall meet 

Thus end the eight propositions. 

The above propositions, some of which are very intricate, are 
necessitated by the particular form in which the twelfth axiom, 
is given in the text. ( Vide p. 3 of the Notes ). 

It will be seen that though it is stated in the text ( p. 37 
) that the proof of the 29th Pi'op. de- 
pends upon eight propositions, only seven are given. The next 
eight Propositions, of which five are common, makeup the 
alternative proof of the seventh. These seven propositions 
of both classes, go to prove the twelfth axiom as given by 
Euclid, on which rests the proof of the 29th Prop. Thus 
clearly an error. It should ^ be ^grf^s %|i. The 
error may have arisen from the fact that there are eight proposi- 
tions which make up the alternative proof of the seventh, 

{1.3)., •: -t'cHyp;}. t ;■ ■§'{.L23). f (I ^ 

being the ex.terior^aDgle; of' the triangle ^ ^ 1! ..( I* 23 ). 



P. ,;^8 Prop. 29. 

' L. 22. After understand i, e, on the 

same side of the line. 

P. 49 Prop. 30. 

Bil. ohserves that the Proj). may be proved even by a princi- 
ple only. For' if the two straight lines concur on any one side, 
they should concur also with the middle line, and should not ' 
be parallel to it, which they are supposed to be. 

The two parallel lines which are compared to one are in the 
/ text placed in the extremes and 

^ the parallel to which they are 
compared is placed in the middle. 

13 -T -B But the Prop, can also be proved 

U — ; -.S™ ^ ..p by changing the position of the 

lines. Let A B and C D be both 
^ K parallel to E F. Let G H K fall 

upon them. Now because either 
of the angles K H D and H G B 
C B Q ^ is equal to the angle* H K E 

(L 29.) for they are alternate angles, therefore they are 
equal to one another. (I. Ax.) Therefore AB is parallel 
,to CD. ( I 28.) Q, E. D. 

P.50 Prop. SI. 

■ is simply equivalent to 

P. 50 Prop. 32. 

Opposite, not adjacent. 

■ ■ Alternative proof. ■ 

From the point draw parallel to Then the 

, . angle ^ is ec[ual to the 'angle . . . 
^ And the angle ^ .is'.'eqiial , to:, the 
. angle ^ Therefore ', the ■angle'.: 

\ ^ ^ ^.is equal to the: angles ;si 

, .This w^as just ''what w’e.'wdshed.' , 




t (I. 29). 
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Bil mentions another alternative proof as foiiows;— - 
Let A B C be a triangle. Produce B 0 to E. In B C, take 
any point F. From F draw F D, 
parallel to A B ( I 31 ). Join A F, 
Now because F D is parallel to A B 
and A F meets them, therefore the 
alternate angles B A F and A F D 

are equal (I. 29). Again because 

^ ^ ^ ^ D F is parallel to A B and B C 

meets theiiSj therefore the exterior angle D F 0 is equal 
to the interior and opposite angle ABF (1.29). Therefore 
the whole angle A F C is equal to the angles FAB and A B- 
F. Similarly if from the point F a straight line be drawn paral- 
lel to C A, it may be proved that the angle A F B is equal to 
the angles FAC and A C F. Therefore the angles A F B and 
AFC are equal to the three angles of the triangle (A B C). But 
the angles A F B and AFC are together equal to two right 
angles (113), therefore the three interior angles of the 
triangle ABC are together equal to two right angles. But 
the angles A 0 F and ACE are also together equal to two 
right angles ( L 13 ), therefore the angles A C F and ACE 
are equal to the three interior angles of the triangle ABC. 
Take away the common angle A C B. Then the remaining 
angle A C E is equal to the angles ABC and C A B. Q. E. D. 

Endemus affirms that the latter portion of this theorem, viz., 
the three interior angles of a triangle are together equal to 
two right angles, w^as first found out by Pithagoras, who demon- 
strated it as follow’^s :~ 

Let A B 0 be a triangle. Through the point A, draw D E, 
parallel to B 0. ( I. 31) - Now be- 
1! cause D E is parallel to BO, and 
A B and AC fall upon them, therefore 
the alternate angles are equal (1. 
29 ). Therefore the angle P A B 
is equal to the angle A B C and the 
angle E A 0 is equal to the angle 

ACE. To each of these equals, add the angle BAG. Then 
the angles D A B, B A C> and 0 A E, i. e. the angles DAB 



and B A E, are equal to the three interior angles of the triangle 
A 'B C. But the angles D A B and B A E are together equal 
to' two right angles (I. 13). Therefore the three interior,' 
angles of the triangle ABC are together equal to two right 
angles. Q. E, 'D. 

The converse of this Prop, can also be proved. It will be as 
follows:— 

If the exterior angle of a triangle be equal to the two interior 
opposite angles, one of the sides of the triangle is produced 
and the line without the triangle is in the same straight line 
with the side of the triangle. And if the three interior angles 
of a rectilineal figure be equal to two right angles, the recti- 
lineal figure is a triangle. 

Let A B C be a triangle, and let the exterior angle A C D 

be equal to the two interior opposite 
angles, ABO and BAG. Then 
B C is produced to D and 0 D is 
in the same straight line with B C 
or B 0 D is one right line. 

B For since the angle A CD is 
equal to the two angles A B Cvand 
B A 0, add to each of these equals the angle A C B. Then 
the angles A C D and A C B are together equal to the three 
interior angles of the triangle A B C. But the three interior 
angles of the triangle A B C are together equal to two right 
angles ( Hyp. ), therefore the angles A C D and A C B are 
together equal to two right angles. Therefore CD is in the 
same straight line with B C ( I. 14 ), 



Again suppose A B C to be a rectilineal figure, haviug only 
three angles, at the points A, B, and C 
and these together equal to two right 
angles. ' Then A B C is a triangle. First 
AC is one right line. For in it, take any 
point' D and join B D. Now in,:, the, 
triangles A B D and B G D, the three ■ 
interior angles are together equal to two 
right angles ( I. 32 ) and the angles at 
A, B and C are together equal to two right angles ( Hyp. ) 





therefore the remaining angles, viz., A D B and C D B are 
too-ether equal to two right angles. Therefore A D 0 is one 
ri ffht line ( I. 14 ). Similarly A B may be proved to be one 
right line and so may B 0 be proved to be one right line. 
T^refore the figure A B C is a triangle. Q. E. D. 

From this Prop, it is evident that every pentagon which is 
so described that each side of it intersects two of the other 
sides, has its five angles equal to two right angles. 

Let A B C D E be such a pentagon as is required. Then all 
its five angles shall be together eipral 
to two right angles. 

Now the exterior angle A F G is 
equal to the two interior opposite 
angles at B and D in the triangle 
B F D (I. 32). Similarly the exterior 
angle F G A is equal to the two in- 
opposite angles at 0 and E in the triangle CGE 
( I. 32 ). But the two angles A F G and F G A together with 
the angle G A F are the three interior angles of the triangle 
A G F and are therefore equal to two right angles ( I. 32 ). 
Therefore the four angles at the point BODE together with 
the angle at the point A are together equal to two right angles. 
Q.E.D. 

By the aid of this Prop, a right angle can be trisected. 

Let A B C be a right angle. It is 
required to trisect it. 

In B C, take any point D. Upon B- 
D, describe the equilateral triangle B- 
d' E ( 1. 1 ). Bisect the angle E B D 
by the line B F ( I. 9 ). Then the 
right angle A B C is divided into three 

equal parts by the lines B E and B F. 

The triano-le E B D is equilateral and therefore equiangular. 
Thel'le EB D is therefore two thirds of a right angle (1. 32). 
TherefOTe the remaining angle A B O is one third of a right 
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angle. Biifc the angle E B D is bisected. Therefore the two 
angles E B F and F B D are, each, one third of a right angle, 
Q. E. R. , 

■ Prop'SS p. 51. 

' Alternative proof. ■ 

Join ^ ^ and. cutting each^ other in Then in the ■ 
^ triangles ^ f «r ^^id ^ ^ the angle ^ f ^ 
\ y/ is equal to the angle and the angle ^ ^ ■ 

is equal to the angle ^ ^51 and the side ^ ^ 
is equal to Then the side sr ^ is equal to 
X ^ ^ and ^ ^ to ^ g'l. Again in the triangles 

^ W I" ^ and w f* the sides ^ ^ and W ^ and 
the angle ^ f if are respectively equal to the sides ^ f 
and ^ f and the angle w Therefore the sides ^ and 

^ ^ are equal and the angles if and ^ ^ ^ are equal§. 
Therefore the side ^ if is parallel to the side ^ This was 
exactly what we wished. 

Prop. 34 p, 52. 

Alternative proof 

If the side sf cT ho not equal to if let it be equal to 
^ ^ ^ Draw the line if This line 

shall be parallel to ^ ;sf. But the line 
\ if is parallel to if Therefore the 

\ lines if ^ and if ^ are parallel. This 

\ is absurd. Similarly the line if 

^ f if shall be equal to the line g if. 

If the angle ^ if be not equal to the angle ^ ^ let the 
angle ^ if f be equal to the angle ^ ^ ^.|| . Join if T^ 
the angles ^ if if and ^ if if are ' equalf and the angle if if f 
is equal to the angle if : 3 i But the angle i?^ is equal 
to the angle if if This too is absurd. Similarly the angle 
^ is equal to the angle The triangle if if is equal to the 
triangle if ^ This was exactlv what -we wished. 


(1. 15). 
(I, 2S). 


t ( I 29 ). 
s? ( L 29 ). • 


(I 26). 
** (1. 29). 


§ (1.4). 


I. 27:;)..: 
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This alternative proof is tlie indirect proof of the Prop. 

A parallelogram is either a square or an oblong or a rlimobiis 



But .in a rhombus and in a r] 


or a rhomboid. In a square 
and in an oblong, the diame- 
ters are equal In the square 
and in the oblong A B D C, 
the diameters B C and A D 
may be shewn to be equal by 
applying Prop. 4 to the 
triangles ABC and A C D. 
nboid, the diameters are not 



meters A C and B D may be proved to be unequal by applying 
Prop. 24 to the triangles ABC and BCD. 

Similarly it may be shewn that in a square and in a rhombus 
the diameters not only divide the figures into two equal parts, 
but they also bisect the angles. But in an oblong and a rhom'* 
boid, the diameters do not bisect the angles. 

Bil shews that the converse of this Prop, after Proclus is as 
follo.ws:— 


If a rectilineal figure whatever have its opposite sides and 
angles equal, then it is a parallelogram. 

Let A B D C be a rectilineal figure, having its opposite sides 

and angles equal Then it shall he 
a parallelogram. Join A D. In the 
triangles A B D and A G D, the 
angles B A D and B D A may be 
proved to be respectively equal to 
the angles ADC and C A D ( L 8 ). 
Therefore A B is parallel to 0 D and A 0 to B D ( I. 27 ). 
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Prop. 35 p. 53-54. 

In the first case in which the point ^ falls outside sr and 
g ^ and 5r ^ cut one another in from the two equal triangles 
sr ^ f and ! 3 f ^ first take away the triangle g- f f and then 
add the triangle ^ ^ gr, and the result will he the two paral- 
lelograms ^ ^ ^ and f g ^ which are equal to one another. 

In the second case the points ^ and ^ coincide. Here the 
parallelograms will be obtained simply by adding the triangle 
^ g g to the equal triangles er g g and 

In the third case in which the point g falls between gj g 
and g[ g, the parallelograms will be obtained by adding the 
four-sided figure g g g g to the equal triangles «r g g and 
g?r. 

Prop. 36 p. 54-55. 

For this Prop, many figures are possible, such as the follow- 
ing:— 









Prop. 38 p. 55-56. , ^ 

. • Witli the help of this Prop, a triangle may be divided into 
two equal parts. 

Let A B C be a triangle. It is required to divide it into 
two equal parts. Bisect B C in D ( I. 10 ) and 
join A D. Through' A draw H A K parallel to 
B C ( I. 33 ). Then the triangles A B D and 
ADC are equal ( I. 38 ), Similarly by bisect- 
ing A B and A C in E and F and joining E C 
and F B, and drawing parallels through C and 
B to A B and A C the triangles E B 0 and 
AEG and the triangles ABF and B F C may 
be proved to be equal. 

Prop. 39 p. 56. 

This Prop, and the next one are the converse of Prop. 37 
and 88 respectively. 

In this Prop, what is stated with regard to triangles is 
applicable to parallelograms also. 

If upon the same base and on the same side of it, there be 
two equal peralielograms, then they shall be between the same 
parallels. 

Upon the same base A B and on the same side of it, let 
there he two equal parallelograms A B D C 
and A B E G. Then they shall be between 
the same parallels. If they are not between 
the same parallels, let one of them be set 
either w-ithin or without. Let the paral- 
lelGgrain B F which is equal to the paralle- 
logram ABDC be set within the same 
parallel lines. Then B F shall be proved 
equal to ABE G which is absurd (9ax. ). Therefore the 
parallelograms A B D C and A B E G shall be bet^veen the 
same parallels.'"',. 

By the help of this Prop, it may be proved that if a right 
line divide two sides of a triangle into two equal parts, it shall 
be equidistant to the third side, BiL mentions this as an 
addition of Campanus. 
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Let A B C be a triawgle and let the right line D E divide 



the two sides A B and B C into two equal 
parts in the points D and E. Then D E shall 
be parallel to A C. Join A E and D C. The 
triangles B D E and A D E are equal ( I, S8) 
and so are the triangles B D E and C D E 
(I. 38). Therefore the triangles A D E and 
C D E are equal ( L A(g, ). Therefore A C is 
parallel to D E ( I. 39-). Q. E. D. 


Prop. 41 p. 57. 

This prop, has two cases; for the base being one, the triangle 
may have its vertex without the parallelogram or within. The 
first case is proved in the book. The figure for the second 
case is as under: — 


The parallelogram A D is double of the triangle A C D (I 34). 



But the triangle A C D is equal to 
the triangle E C D ( 1. 37 ). There- 
fore the parallelogram A D is 
double of the triangle E 0 D, 
Q. E. D. 


Prog, 43 p. 58-59. 

This prop, has three cases only. The parallelograms aboiit 
the diameter may either touch one another in a point or are 
severed from one another by a certain part of the diameter or 
cut one another. The first case is the one proved in the text. 
The second case is represented by the following figure 

In this case the complements A G L K E and B F K L H 
■ E 0 are not parallelogranis. But they 
can be ■ proved, .to ■ be, e.cpal „iii'tlie 
p same ^vay as in the ease in the text. 


», .'H,,: , , B. 
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The following is the figure for the third case:- 


A 3 


'M 





jj 

M 


H. In this case the trapezium G M- 
L D may be proved to be equal to 
the trapezium L N H D and finally 
the complement A M to the comple- 
ment E H. 


It may be noted that in each of the three cases the paralle- 
lograms about the diameter may not have one angle common 
with the whole parallelogram; still the demonstration in each 
of these cases will be the same. The following wdll be the 
figures for these cases* — 




Prop. 46 p, ■ 60. 

Squares described on equal lines are equal. 

Let A B and C D be equal. Then the squares E A and C F 




shall be equal to 
one another. The 
triangles A B G 
and 0 D H are equal 
( L 4 ) and. ' their 
doubles are equal. 
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, , The converse of this is also ■true.' If the squares^ be equal, the 
lines upon which they are described are, also eq.iial. , 

Let A F and C G be equal squares described upon the lines 

A B and B C. : Then the lines 
shall be equal. Put the lines A B ; 
and B 0 in such a way that they ■ 
■may form one straight line. Then , 
F B and B G shall also be in one 
and the same straight line ('I;14:). 
Join AF;F G;c;G,,andG A. , 

'The triangle A B F is equal - to the triangle C B, G, (,L S4' , 
.and 7 Ax. ). To each of these equals add the ■ triangle G F,' ' 
Then the. whole triangle A F 0 is equal- to the, whole triangle ,. 
G -F 0, and they are upon the same baseG F. . .Therefore. .O F 
is parallel to A G ( I. 39 ). Again the alternate angles A F G 
and F G 0 are equal, each, being half a right angle. Therefore 
, A F is. parallel to G G'(I.. 27 ). Therefore, A F is' equalto O'G :^ 
( I 34 ). Now in the triangles ABF and G B G the angles 
E A F and A F B are equal to the alternate angles B C G and 
0 GB respectively and the sides adjacent to these angles are : 
equal, viz.;, G 0 and A F; therefore A B' is equal to B''C ant, 
GBtoBF(L26). Q. E, B. 

Prop. 47 p. 62, 

Alternative proof. 

In this case the triangle and the square on the hypotenuse 
are to be placed as in the above case; and,, the , line ^ ^ also is 
to be drawn as in the above case. But the square ^ g- on 
^ to be placed on the triangle.^ Now : the ' side-^ ^ 
may be either equal to or greater or less tlian)^ Thenv 
in these cases ^ will respectively . 'coincide : with or fall' 

outside 31 ^ or in the line 3 ?'^. Join ^ . 'Now theangles.- 

are right anglesf and therefore equal Take 
away the common angle from both,. ' .Then the remaining;' 
angle ^ ^ is equal to the remaining angle ^ g* Again 
W ^ is equal to ^ ^ and g 31 -to ^ ^ and the angle is equal 

* In other words, the squares on W and 3? ^ should be described on the 
same side as is the triangle ^ ^ f Both being angles of squares. 




to the angle w W ?[ ( in the triangles sf ^ sr and ^ ^ ^ there- 
fore the angle w W ^ is equal to the right angle ^ sr ssf. There- 
fore ^ ^ 5r is one straight line * and is parallel to sr Let ^- 
g ^ meet sr ^ in the point g. Now when sr ^ is equal to sj ^ 
the angle if st 3t is equal to the angle ^ ^ ai, the angle si g' ^ 
is a right angle, the point will coincide with g and ^ g g 





shall be one straight line. Or ( i. e. in other cases ) the point 
a' shall not be on g or shall be another point ( in other words, 
the two points shall not coincide with one another ). If gj g 
be greater than ^ g, the point g shall be on the line ^ g, or 
shall fall without the line ^ g ( when g g is greater than g g). 
Thus in all the three figures the figures g g ^ g and g g g ^ 
shall be equal.| Similarly the figures g g g g and g g g g 
shall be equal.§ Then the figure g g g g shall be equal to the 
figure g g^rg. Again in the same way the square on the side 
g g shall be equal to the quadrilateral figure g g. 

Another alternative ( p. 63 ). 

In this case the square on the hypotenuse is to be placed on 



the triangle (i. e. is to be described on the upper side of the 


*(I. H). t(1.29). t(I-35). §(L35). 




48 ^ 


hypotenuse) and the square on the side is to., be placed 
outside the triangle. Produce^ the line ^ It will meet the 
point ^ if ^ g is equal to ^ Or it will meet the. line, 
in ^ if w ^ is greater than ^ Or it will meet the line ^ in' 
^ if ^ ^ is less than ^ 

Thus in all the three cases the perpendicular ^ q" is to be 
drawn on ^ and from the point ^ the perpendicular ^ ^ on 
the line g-.f Again the line is to be so drawn that 
it will meet the line ^ ^ in the point In the triangles 
^ and SI ^ ^ the side ^ ^ is equal to ^ the angle ^ is 
equal to and the angle ^ ^ ^ is equal to the angle ^ ^ 
therefore the sides ^ ^ and ^ ^ are equab*^ and the figure ^ 

•q ^ shall be the square on ^ ^ and fall outside the triangle. 
Again produce the sides cT and ^ ^ so, as to meet in the 
point Then the figure ^ ^ is equal to the square ^ 

^ ^.'11 But the figure is equal to the figure ^ ^ if ’^•li 

Therefore the square is equal to the figure 

Another alternative ( p. 64 ). 

The square on ^ ^ is to be placed on the triangle. In this 


case the point shall coincide with if the two sides are 
equal, or fall outside the side ^ ^^ is greater than 

or ^ fall: on ^ ^ if ^ is less ■ than ^ Now the; angle urf ;St 

The figm’e thus be proved to be a square on ST 

f (1, , :,' J Both being right angles. § Take awaj the' angle ^ ,W 3?: from the; 
right angles 3? ^ ^ .and «r,W and there w.ill remain'tlie equal angles ^ W ^and: 
:53T',«f 31,' ' ; 26;),' i|,.,( I. 35.), ' , $ Similarly the square, of . 3T,^' 

'may'be,'pro;ved'tobeequaltG,.3T'^,.f 5^, ' ' 

;, One^ of' the. .angular pointsof the 'Square .on; 
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shall be equal to the angle ^ Then produce the line ^ ?r 
so as to meet ^ ^ ( or ^ produced ) in 5^. Then the point 
^ shall coincide with if ^ ^ is equal to sr ^ or fall on ^ g if 
^ ^ is greater than ^ or fall outside ^ gf if ^ ^ is less than 
^ 1^. Then produce ^ ^ and ^ ^ so as to meet in 
Then in the triangles ^ ^ ;5r ^^d the side ^ ^ is equal 

to ^ ^ and the angles ^ and ^ to ^ ^ ^ and ^ ssf eg; 
respectively, therefore ^ ^ is equal to ^ ^ which is 

equal to ^ is, equal to ^ c|i|. The figure equal to ^ 5f|. 

It is also equal to the square ^ Then the figure is 

equal to the square on the side ^ 

Similarly the square on the side 3? ^ shall be equal to the 
figure ^ Again the square on ^ ^ should be placed on the 
triangle ^ ^ ^ or outside the triangle Jsr This was just 

what we wished. 

Another alternative ( p. 65 ). 

In the foregoing cases the proof was given by dividing the 
square on the hypotenuse into two parts by the line ^ Now 
the proof shall be given without dividing the square on the 
hypotenuse into two parts. 

Let the square on the hypotenuse be placed on the trianglel. 



From the right angles ^ ^ ^ and «r 3T % take away the alternate angles 
^ if ^ and «r 3T which are equal ( I* 29 ), then the remaining angles ^ W 3T 
and ^ ^ shall be equal. 

t (1.^26,,).' " 

Z In the: triangles ^ W ^ and 'H ^ the angles ^ and ^ are equal being 
right angles and the angles U* ^ «r and 31 ^ 3f are equal, since each of them, plus 
M W ^ is a right angle, and the side 3f W is - equal to f therefore ^ ^ is equal 
to ? ^ ( L 26 ). But f ^ W 

§(LS6b 

■i[(L35). 

$ And the square on, ^ .outside the .triangle. 




produce so that it may meet the square ia the pGint If 
is 'equal to ^ the point ^ shall coincide with 
and vjf are unequal, the point ^ shall fall on From 

the point draw the perpendicular on the side ^ Pro- 
duce this perpendicular on both the sides„ Again on this 
perpendicular ( produced ) draw the two perpendiculars ^ ^ 
and ^ ^ from the points ^ and From the point draw 
the perpendicular ^ on the line ^ |j*f. Then when the sides' 
^ ^ and ^ ^ are equal, the perpendicular f ^ shall meet the 
point ^ and ^ shall he one straight line. But if the 
two sides he unequal, the perpendicular shall fall on 

a point other than ^ (i, e, the points and ^ shall 

not coincide ). In the triangles ^ ^ ^ f and 

^ the sides ^ !3f, ^ ^ f and ; 3 r are equal, the 

angles gf, c^, and ^ are equal, and the remaining angles 
are also equal|, therefore these four trangles are equal There- 
fore the figure ^ ^ is a square. It is the square on ^ The 
figure ^ ^ is also a square. It is the square on These 
two squares are equal to the square ^ g-. 

Proof. 

The sum of the triangles ^ and ^ ^ ^ is equal to the 
sum of the triangles ^ ^ ^ and ^ If the rest of the figure 
be added to the first two triangles, then it would form the first 
two squares; and if it he added to the second two triangles 
then it would form the square on the hypotenuse. 


12 ). 

tcia2). 

X In the triangles e? ^ ^ and ^ ^ cf, , the angles ST'W ^ and ^ W ST are equal 
bacanse they both make np a right angle with the angle 3? ^ Similarly in 
the triangles ^ ^ and ^ f , the. angles ^ W ^ and ^ !3r ^ are equal, because 

they make up a right angle. with the angle .W In the triangles f ^ ^and 
^ ^ all the angles at ^ are equal to two right angles and are therefore equal 
to the angles of f f . From these take away the right angles ^ ^ f and f 
.khen, : the angles';^' ^ Therefore the angle 
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Another alternative ( p. 66 ), 

If the two sides ^ ^ and ^ ^ are unequal and the square' on 

is not made to fall on 
the side as the square 
on ^ ^ is not made to 
^ fall on ^ then the side 
should be so pro- 
■ duced that it may meet 
^ f ( or ^ produced ) 
in the point From the 
points f and ^ drarv the, perpendiculars ^ ^ and ^ g* on the line 
g ( or g ^ produced ). Produce f and from the point 
draw the perpeiidiciilar ^ g on the line’^ Make g ^ equal to 
g gf, and draw parallel to g g|. This line ( or this line pro- 
duced ) shall meet ^ (or ^ g produced ) in the point g. From 
the point g draw the perpendicular ^ ^ ' on the' line 
Then the triangles ^ g n, g ^ g, and g ^ f shall he equal§. 
The squares ^ g and ^ ^ shall be the squares on ^ g and g 
Again the triangles ^ ^ ^ and ^ ^ g are equal to one another 
and so are the triangles ^ g cp and f g ff. Then the sum of 
the triangles ^ g g and f g g is equal to the sum. of the 
square ^g and the triangle ^g^.ll This (The; square'^-; 
g+ the triangle f gfr ) is equal to the triangle g g. gl|.' The 
triangle g ^ f is to be added to' the first sum, g g g to the 
second sum, and the figure g g g ^ to both the sums when 
g is greater, than er ef,' and one part ( g g g putting ^ where 
^, g meets g g ) of the figure ■ g ^ g g g is- to 'be added and the 
other'( g g g) to be subtracted, when ^ g is less than 
(i. s.). ““ t (L sx). 

, § They , can be prov.ed equal in the same way as in the^ preceding case, 

■' 11' %* The triangles 

, ,= w!?rg 

5r ir+.g^ g.+g.g w + g.g g.f ,. 

/. + (when,^5r,,7 wg).--- ■ 

. ■ , . ^.g + f .g g'.^r f 

=gg,g + g.gg“Fgg.g— g.g.f 

/. g: g + g g ./ when m ar' i. 'ssr srV. ■ 
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Then the two squares shall he equal to the square on the 
hypotenuse. 

Another alternative ( p. 67 ). 


If the square on one side should fall into the square on the 




other side, then make up 
the figures as in the 
above case. But ^ ^ 
must be made equal to 
^ g-* Draw eg ^ and f ^ 
parallel respectively to 
g ^ and 5 r Produce 


them so as to meet in the point gr. Then the line ^ ^ (or 
produced) shall meet the line ^ g- ( or ^ f produced ) in the 


point Ji. 

Now the three triangles ( s? sr 3f, «r ^ g’, and gr ^ f ) being 


equal, f ^ aud sr eT being (consequently) equal, and the 
angles being equal, it is proved that the two triangles ^ ?[ 

and ^ SI ;t are equal to one another. Again ^ ^ and f gr being 
equal, the triangles ^ ^ Ji and f ^ il are equal to one an- 
otherj. Then the sum of the triangles ^ g f and ?i ^ f is 
equal to the sum of the square ^ 55 and f rr ff- This sum (i. e. 
the latter sum ) is equal to the triangle si tT 5t|. To the first 
sum ( ST ^ ^ } add the triangle ^ ^ ^ and to tiie second 
sum (sr H 5 l) add the triangle gr ^ g and add the figure f ^ g to 
both the sums if si ^ is greater than gj 51 ; but ifs^ g is less than 
SI 31 , then add one part ( 5 EI being the point where 

meets cl ^) to both the sums and subtract the other part 


*(1.3). t(1. 31). 

j <fr= U= and<f ? W= c® f W ( both being equal to 

^ ^ ^ ^ 1 ^ being alternate angles and ^ ^ and cr f make up 

each a right angle with^ f W). Therefore the remaining angles ^ ^ ?rand f. 
^ are eqLl, and the third angles ^ ^ and f ^ ^ are equal (1. 32 and 3 ax. ). 

This proof applies to the case in which W> 3T In the other case ^ ^ 
may be shown to be equal to ^ W as under:-— 

" Angles at ^ and f are together equal to two right angles. From these take 
away ^ ^ tC and f ^ which are each a right angle, : , Then ^ 

<ir f f f ^ ( I. .29 }■ and<:^:;f W 

(both maiving up one right angle with the complement ^ f ^). Therefore 

cfj- 

§ Because the former sum is eqnal to the triangle 



. .0S. ' ' 

(' sf f ) sums. Then the squai'es ^ ^ and f f 

are equal to the square ^ 

' Page67 L. IS bodi the sums 

mentioned before. 

Another alternative ( p. 68 ). 

In this case the figures are to be so described that the square 
on the hypotenuse may not fall on the triangle and the square 
on one side may fall on the triangle. 

As the square ^ ^ ^ on the side ^ ^ falls on the triangle. 



Then the point ir shall coincide with the point ^ when the 
two sides are equal. If the two sides are unequal, then the 
point ^ shall either fall within the side or without it. 
Join f Then it can be proved as shewn before that ^ ^ 

is one straight line. From the point ^ draw the perpendi- 
culars f ^ and f ^ on this line ( ^ ^ ^ ) and on (or^^ 
produced ). Then f ^ shall be one straight line when the 
two sides are equal. Then the two sides are unequal, the per- 
pendicular shall fall within Now the four trian- 
gles ( ^ ^ ^ ^ ^ f , and ^ ^ ^ ) being equal, ^ 

^ being ( consequently ) equal, it is proved that the figure 
^ is, the square on the side ^ Again the sum of the trian- 
gles ^ and w ^ W being equal to the sum of the triangles 
^ ^ ^ and ^ ^ by adding the two remaining figures it is 


n sr f 5r f +f ^ ^ w ^ ^ ^ 5T. 

sr ^-fST ^ when m ' 

^ ;r 5r-f ^ f + ^ g“ ^ ^ being tbe point where ^ f meeta ^ 1 1 

^ f ^ - ■■ ' 

t (I. 12). 




proved that the squares on the .two sides are equal to the 
square on the hypotenuse. 

Another alternative (p. 6.8-9). 

In this case it is desired that the square of none of the sides 
should fall on the triangle. Describe the triangle. Describe the 
square on the hypotenuse. Produce the two sides. From the 
points ^ and ^5 draw the perpendiculars ^ ff and ^ ^ on the 
two sides^. Draw ^ ^ and ^ ^ parallel to the two sides.f 



These t^vo shall meet in the point ^ and shall meet the lines 
^ ^ and ^ ^ ( or f and ^ ^ produced ) in the points ^ and 
jf. Then the points and the points ^ shall coin- 

cide with one another if the two sides ( of the given triangle ) 
are equal. If the two sides are unequal, each set of these 
three points shall form a triangle. Now the equality of the 
triangles ^ ^ ^ ^ ^ ^ and ^ if ^ is proved. Therefore 

the figures ff ^ and ^ ^ are the squares on the two sides. ^ f 
and ^ 5 r being eqnal| and the angles being equal|, it is proved 
that the triangles ^ ^ vf and if ^ are equal. Similarly the 
triangles ^ ^ ^ and if if are equal.®! If the triangle ;sf ^ f 

'^(1.12). 

j 3? ir=ir % ^ ^=f n.-.m w-a? ' ^ 

; I <ai‘ ^ W-f* <5Fr ^ tT= X angle. 

, <W^ <31 ^i[=: X angle. 

<3? W 

One angle in both is a right angle all the angles are equal. 

' if (I. 29). = 29 ) = 

<^ 5f W as. both make up a right angle with ^ 

other angles and one side may be proTecl equal in both, so the triangles 
„ are equal { I., 26').' ' 


1 
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be subtracted from both the figures, then the remaining figure 
q- ^ JT sr shall be equal to the triangle It shall also be 

equal to the triangle 3I ^ ^ ( for the triangle ^ 55 ^ is equal to 
the triangle 51 ^ f )• It shall also be equal to the sum of the 
figure aud the triangle If the two equal 

triangles ^ ^ and ^ ^ g be added respectively to the two 

preceding equals and the figure q' ^ ^ 55 and the triangle Ji sj ^ 
be added to the two preceding figures, then the square on the 
hypotenuse shall be equal to the squares on the two sides*'. 

It may be noted that the latter part of the proof does not 
apply to the third figure in which ar ^ is less than gf gt- 

For the third figure the proof may be modified as under: — 



Af ^ 

11 

t> 




f ?r 


?r 

(•; 

«r ^ 5?==^ 

f ^ ^ 

il 

m 




jj 

=cTi^ ( 




^ ^ t 

^ + ^ ^ 


^ ^ being 

the point where 5! meets ^ ^ J 



•fi? ¥ 

^ + ^ ^ 

?r ( V? 5ff 

, Af ^ 

= ar ^ + ^ 




. * A? 'T 1 

f w 5t- w cS f = 5r ?T f -w 5? ? 

.'.w® 5! f 

„ 

,, =?r«rf 5T+w«w( ■.■3ru5T=^iBa)- 

, ¥r ^4-^ ^ f +5? w ^ ^ ^ f =sif cT + + 


56 


Anotlier alternative ( p. 70. ) 


In this case if the squai^e on cne side falls on the otherj then 

if the two sides are 
y\ / -sf equal, the case is 

/ \ clear. But if the 
\ unequal j 

/ produce the side 

^ ^ produced ) draw 
^ ^ the perpendiculars 

f ^ from the points ^ and Let ^ ^ and ^ s5f 
( produced if necessary ) meet in ?r. Again from the point ^ 
draw the perpendicular ^ ^ on f from draw the perpendi- 
cular ^ on ^ ( or ^ ^ produced ) and from ^ draw the per- 
pendicular ^ ^ on ^ Make ^ tt equal to ^ in the direc- 
tion of ff.f Draw the line h «f IT parallel to This 

line shall meet the line ^ ^ ( or ^ ^ produced ) in the point 
g ^ ( or ^ ^ produced ) in and ^ ^ in Then it is certain 
that the triangles ^ ^sr, 5^ f ^ f If ^ and ^ are 

equal. Therefore the figures and ^ gr are the squares on 

the two sides ( of the given right-angled triangle ). Again 
and ^ being equal and the angles being equal, the triangles 
and 15 ? ^ ^ are proved equal. Again ^ ^ and ^ ^ being 
equal and the angles being equal, the triangles ^ ^ and 

are equal to one another. Then the sum of the triangles 
and ^ ^ is equal to the sum of the four-sided figure ^ ^ and 
the triangle sr ^ ^.| This ( the latter ) sum is equal to the 
triangle ^ ^r.lT Again the triangle fr ^ should be added 
to the first sum and g" ^ f to the second sum and the figure 
' ^ to\both the sums if ^ ^ is greater than ^ but 'if it" 

: be less, 'then one part ( ^ ^5 ^ being the point in which 

meets ^ g* ) is to be added and the other ( ^ ^ ) is to be sub- 
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tracted. Then the, squares n and ^ ^ are equal to the 
square 

lu the cases shewn above, other alternatives are possible but 
they are passed over through the fear of prolixity. 

Another alternative (p. 70-1). 

When the squares of the sides fall on themselves, then there 
are eight cases. In the first case, having drawn the figure in 
such a way that the square of the hypotenuse Mis on the 
triangle, produce the sides ^ ^ and ^ ^ so that they may meet 
the square on the hypotenuse in the points 57 and if. The 
points IT and sf shall fall respectively on ^ and ^ if the two 
sides are equal or shall fall on the two sides ( produced if 
necessary) if the two sides are unequal. From the points ^ 



and f 5 draw the perpendiculars ^ and ^ ^ on both the sides 
thus produced.f Produce these two ( perpendiculars ^ ^ and 
^ ^ ). From the points ^ and draw the perpendiculars 
and ^ so that they may meet the produced perpendiculars 
in the points ^ and When the two sides are unequal, let 
^ ^ be assumed to be greater than ssr* From the point ^ 
draw the perpendicular ^ ^ on the line ^ This perpendi- 
cular shall Ml on a point other than ^ when the two sides are 
unequal, and shall Ml on the point ^ w^hen the sides are 
■equal.; 

: : : w 

■ ; ^ w-f ^ ^ ?r ^ f +'sr,'^ cr 

if 

' In the other ease + IT ^3r=sr + ?r 

■■■ 
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Now' the figures ^ ^ and ^ ^ are squares and equal to the 
square on the line «!■ ^ when the two sides are equal When 
they are unequal, then the figures ^ ^ and shall be squares 
and the figure ^ ^ shall be right-angled, but shall have its 
sides unequal Again the triangles ^ ^ f f and ' 

^ ^ ^ are equal. The triangles and ^ ^ ^ are equal as 

the angles are equal and the sides ^ ^ and ^ ^ are equal. 
Then ^ ti and ^ ^ shall be equal. Therefore ^ and wf ^ shall 
be equal Therefore the triangles ^ and ^ if n shall be 
equal. The triangles has already been proved equal to 

the triangle ^ ^ if. If to these two the figure w ^ f if he 
added, then the figure if ^ ^ shall be equal to the triangle 

^ and also to the triangle f ^ c |5 and consequently to the 
figure if ^ ^ cT und to the triangle if ^ If to these two be 
respectively added the triangles ^ ^ ^ and g ^ then the 
figure if ^ if ^ together with the triangle ^ ^ ^ shall be equal 
to the figure vs ^ together with the triangles ^ if ^ and 
^ Again add to both the figure ^ «r if and the triangle 
W ^ 1?- Then from the first sum will arise the square ^ f and 
from the second the squares ^ ^ and ^ This was just w^hat 
was wished. 

In the same way it may be proved when ^ ^ is less than ^ 
Another alternative ( p. 72-3). 

When the square of the hypotenuse and one square, named 
31 g-, fall upon the triangle, and when the two sides are equal, 
then what I wish to prove is evident. Why ? Because the tri- 
angles that are formed are equal. Of these, the sum of the 
two triangles is equal to the square on a side and the sum of 
the four triangles is equal to the square on the hypotenuse. 
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Bufi if ^'is greater tbaii ^ then describe the sqnare of it. 

Produce ^ ^ so that it may cut the line ^ f in if and go out. 
From the points ^ and ^ draw the perpendiculars ^ g* and ^ 
on that line.^ From the point draw the perpendicular, , if- 
^ on the line ^ Again from the point ^ draw the perpen- 
dicular f ^ on the perpendicular if Again produce the line 
g ^ so that it may cut if ^ in the point and meet the per- 
pendicular in g-. The figure if ^ may be proved to be a square 
as before. Join if ^ and if if and ^ ^ being equal and' 
the angles if if ^ and ^ ^ if being equal, the triangles if if if 
and ^ f tf are proved equal. Then by adding to these equals 
the figure ^ if IT f it is proved that the figure if if if is 
equal to the triangle if if ^ and consequently to the triangle 
f if c^. Again if ^ and ^ if being equal, the reniaining parts 
If ^ and If ^ are equal. Owing to this equality of the sides 
and the equality of the angles^ the triangles ^ and f* n ^ 
are equal Again the angles ^ ^ if and if ^ if being equal and 
^ and i* if being equal and ^ and if if being equal, the 
triangles ^ if and if ^ are equal. Again the remaining 
angles ^ if iff and ^ ^ ^ being equal and the angles ^ and ^ 
being right angles and the sides if ^ and ^ if being equal, it is 
proved that the triangles if ^ if and if ^ ff are equal. Therefore 
^ ^ and if If are equal to if ^ and ^ The triangle ^ if if 
is equal to the triangle ^ n if, then the sum of the figure q[ 
if If and the triangle ^ if if is equal to the figure if if ^ To 
each of these add the figure if if eg if. Then the figure ^ ^ if^ 
If and the triangle f if ^ or its equivalent, the figure if if if f 
in other words, the figure ^ n ^ is equal to the figures if ^ 

^ and If if ^ If. Again add the triangle w =5r to these equals. 
Then the square of the hypotenuse shall be equal to the 
squares of the two sides. 

If the side if g* is less than if if, then produce the smaller 
side so that it may cut the line ^ in if atid go out. From ^ 
and ^ draw on it; the perpendiculars .and ^ Produce 

^ and from if draw on it. the; perpendicular if Then it,, is. 


- ( 1. 12 ). 

t As proved before. 

t a 12 ). 



certain that the triangles ^ ^ ^ f and ^ ^ g- are' equal 

Therefore si ^ is a square. The triangle ^ irC is equal to the 
triangle ^ ^ if. Therefore ^ f and ^ sf are equal ; and the 
triangle sf g* ^ is equal to the triangle n ff. Therefore the 
sum of the triangles g ^ g and if ^ is equal to the sum of 
the triangles and ^ g i?. Add , the remaining 

figure to both these equals. Then the square on the hypo- 
tenuse shall be equal to the squares on the two sides. 


Another alternative ( p. 74-5 ). 
The squares on the three sides fall 

g- 


on 


the triangle. If the 
two sides be equal, then 
the squares on the two' 
sides shall be equal and 
what is desired to be 
proved is evident But 
if one side is greater or 
smaller than the other^ 
as g greater than g g, 
then describe the squares 
as mentioned before. 
Produce g sfi to and 
g g; to if. From the point 
draw the perpendicular g g on g and from ^ draw the 

perpendicular ^ on ^ Produce g ^ so as to meet ^ ^ in 

g. Then there shall be four triangles of the square g g. They 
shall be equal as shown in the preceding cases, g ^ shall be 
the remaining figure. It shall be the square on the difference 
of the sides . g and ^ g.f Join g |f. Then the figures m ^ 
and shall be divided into four triangles. These four 
triangles shall be equal to the four triangles first spoken of. 

,, The,, remaining square ci^ shall be equal to the square 'g;g. 
Thiis„the; square g g,is proved equal to the squares g g::,,and:, 
■ : ' This ■ was just what- was wished 



(I., 12 ■ 

, t Both'g ,3Tand'3f STare eq.u^^ to ^ ST— ei g v t ^ 1 =^ W and. g 
and ^ 51 = g g. , Thus g ^ being; equal to ^ ^5 .the figure- ^ g is a square . on , 



Another alternative ( p. 75 ). 

The squares on the two sides fall on the triangle, hut the 

square on the hypoteniisc 
does not fall on it. When 
the two sides are equal, it 
conies to the above-men- 
tioned case. When the 
side 9i( «}■ is greater than 
SI then describe the 
squares. Join qf ^ and 
Then it is clear that 

^ is one straight line and ^ ^ gf is also one straight line. 
Produce sr sp to Then the square 5f ^ shall be divided into 
four triangles and the square g 55* shall bo between them. 
Again join gr fr- Then the figures si ^ and gj ?t shall be divid- 
ed into four equal triangles, and these four triangles shall be 
equal to the above mentioned four triangles. If to both these 
the square ^ ^ be added, then what was desired to be proved 
shall be evident. 





Another alternative ( p. 75-6 ). 

The square of one side falls on the triangle. When the two 

sides are equal, the 
case is evident. If sr- 
„ / \ \ - a is greater than sj 5f, 

describe the 

cj-Z \/ "\ Aa squares. Join^^. Then 

N. \ that^gr^r 

Y is one straight line. 

, ^ ■■ . Produce ^ On it 

't f draw the perpendi- 

cular B- w.f Draw the perpendicular f igs; on ^ The triangles 
^ ^ ^ €. and « ^ f are equal. The square ^ is 

equal to the 'square sr ^4 ^o the triangles ^ gr and sr SI p add 
the triangle ^ ^ Then the triangle ^ 





square ^ together' with the triangle ^ ^ or to its eqiiiva« 
lent, i e, the square ^ ^ together with the triangle ^ ^ To 
the first of these equals ■add '' the triangle ^ ^ and to the 

second, ^ ^ and add- the^ remaining figure (g- ^ to 

both these equals, then what was desired to be proved would be 
evident 

But if sf w is l*3ss than ^ then describe the squares. Join 
^ In the above-mentioned mamier it 
may be ■ proved that the figure if f ^ H 
tog’ether with the triangle ^ ^ n is equal 
.to the square and the triangle ^ ^ 
is equal to -the. square ^ ^ together with 
^ . the triangle tsf iT-f Therefore what was 
desired to be- proved is evident 


Another alternative (p. 76-7 ). : 

; Describe' the squares in such a way that the square of, none. 
^ of the sides may fall O'H the triangle. Pro- 

§ duce ^ ^ and eg g* to meet in and pro- 
duce ^ ^ and ^ ^ , to ...meet in if, ; Then, 
the square ^ ^ shall be the square on the 
sum of the two sides ( of the given right- 
angled . triangle ). Produce JSf ^ and gf. 
From the pointsu^ and ^ draw on both 
' the .perpendiculars ,'if and ■ Produce 
■;"" ■ : x C the. ' perpendiculars so as to meet in if.' 

if The triangles f, and 

: ^ ^,are:equaL^ ' The square if g*. is, equal 
to the square Join ff ' The triangles ffs fr ^ 

^ and ^ are equal. . They are also equal to the above- 
mentioned four triangles. ■' .From. both the squares take these 

■ '* s: qr is a square and equal to 3? ^ f ^ if ^ ir=:?r ^ f ^ ^ ( v f * 

;. . f,. ^cT ^,,=.31 n tsr /.w ^ «r ^ 




four triangles. The remaiiimg squares' ^ if and ^ ^ shall be 
eqnal to the square ^ This was just what was wished. Thus 
eight cases are proved. , 

Another alternative ( p. 77 ). 

The square on the hypotenuse should be so described that it 
may not fall on the triangle. Produce 
31 ^ and 31 3f. From the points ^ and 
^ drop perpendiculars ^ ^ and f ^ on 
both.^'' Produce the perpendiculars so 
as to meet in gf. Then the square ^ 
is the square on the sum of the two 
sides ( 3r ^ and 3r ^ ), and the four 
triangles are equal. The sum of any 
two of these triangles is equal to the rectangle of the two sides. 
The sum of the four triangles is equal to double the rectangle 
of the two sides. From the square ^ take away double the 
rectangle of the two sides. The remaining square ^ f shall be 
equal to the sum of the squares of the two sides.! This was 
just what was wished. 

Another alternative ( p. 77-8 ). 

The square on the hypotenuse should be described on the 
triangle. From the point ^ draw the per- 
pendicular ^ on 3 r J From ^ draw the 
perpendicular ^ ^ on ^ Produce !sr to 
gr ( so as to meet ^ ^ in gr ). In the middle 
is formed a square which is equal to the 
difference of the two sides.| Thus the four 
triangles are equal. The sum of any two of 
these triangles is ecpal to the rectangle of the two sides. The 
sum of the four triangles is equal to double the rectangle of 


t (A:T)=={AB',+ M]2 = (4B)2 + {AJ) 24 -MB.-,AJ. Su^^ 2AB. AJ from 
botlitliese equals.:: 

(AT)^2ABAJr:(AB)2-h(AJ)2. 

..... 

1 is a square on ^ 
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the two sides. This together with the square on the difference 
of 'the two sides is equal to the sum of the sc|iiares on the two 
sides,' Because if to this the square ^ ^ be added, then the 
square is equal to the sum of the squares on the two sides,^^ 

Prop. 48 p, 78, 

The prop, may be proved indirectly also as under: — 


Let A B C be a triangle in which the square on A C is equal 
to the squares on A B and B C. Then 
ABC shall he a right angle. 

For if it be not a right angle, let it he an 
obtuse angle. From B draw B D at right 
angles to B C ( I. 11 ). Make B D equal 
to A B (L 3) and join D C. Then the 
square on D C is equal to the squares on 
D B and B C ( I 47 ) and consequently to 
the squares on AB and B C, because D B is equal to A B 
( Cons. ), Therefore D C is equal to A C ( 1 Ax.). This is 
absurd ( I. 24 ), because the angle A B C is greater than 
the angle D B C. 



Triangles- 2 



book II. 


Prop. L p. 79. 

j\,lternative proof. 

, UP of the parts g ^ f , and ^ ^ 

The line ^ is erefore the sum of the rectangles 


^ 

r T ^ 

. 



w 


5 

rf^ 


> oi tne pa,ito ^5 H 

Therefore the sum of the rectangles 
contained hy the parts of this line 
and the line si must be equal to the 
rectangle contained by the line «r 
and the whole line f 31. 


» .1 Wive proof to b«a '■P”” 

Prop. 11. p. 80. 

^Alternative proof 

, , the line ai g. Then the rectangle 
Make the line ^ equal ^ o ^ ^ ^ 

j- contained^ 

*f to ti'o ‘y 




w 


J 

?r f 

Prop. III. p. 80-1. . , , fuj,g_ The rectangle is the 

the multiplicand and a part 
foduct of the whole , multiplier (jpi^q). Mss. A. 

'it which ^ (*® 

id B. read ?RigiiS 3 
bresaid part ). 

jAlternative proo • . . , , 

The rectangle contained hy 
Let the line 3 - be equal to 3l contained by si w 

W and g 31; ^ jg equal to tbe sum of the 
VJe^ wrioioed by to lioot ^ a.d «t. 


~^W'~ 

r 


'' f =3? 3? t=..( ^ ^ 5 "' 
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,nd ^ and 3 w. Of rectangles one is the rectangle 

ontained ^ and ^ and the second, the square on 31 g.* 

The alternative proofs of Prop. 2 and Prop. 3 show that they 
je particular cases ot Prop. 1. 

Prop. IV. p. 81-2. 

On this prop. Bil. has the following note:— - 

‘ This proposition is of infinite use chiefly in surd numbers. 
3y help of it is made in the addition and subtraction, also 
nultiplication in Binomials and residuals. And by help hereof 
ilso is demonstrated that kind of equation, which is, when 
here are three denominations in natural order, or equally 
listant, and two of the greater denominations are equal to the 
bird being less. On this proposition is grounded the extrac- 
,ion of square roots. And many other things are also by it 
lenaonstrated.’ 

Alternative proof. 

The rectangle equal to the sum of the square 

on 31 wT and the rectangle sar 3T. er Sf.f Again 
the rectangle gr 5f. ^ er is equal to the 
square on ^ sr and the rectangle er sf. ^ J 
Then the sum of the rectangles er g. 3t 3I 
and 31 ^ wT} which is equal to the square 

on 31 ^,| is equal to the squares on 3T 5 r and 

g' and twice the rectangle sr 5r. 5T 

Prop. V. p. 82-.". 

Alternative proof. 

The rectangle 3 ? ^ g is equal to the rectangle 3i sr- ^ g'j 

^ rectangle g 

and the rectangle To 

both these equal rectangles add the 
square on et Then what is the 





yf 





f 


;■ ■ * sr. si 5r=5r n. ai sr. Bat ai ^=31^+31 sr. ai 3 r+?. sr sr= 
3^, 3TC.-.=3r w. 3r5r+(3rg-)2=gr aisf. orsi sr. srp. 

i|||B{;ii.:3). $(iL'3).::,: : ■§( ii., 2 : 


tlie square on ^ ^ are equal to the rectangles ^ ^ and 

^ ^ W together with the square on ^ But the rectangle 

^ ^ ^ and the square on ^ ^ are equal to the rectangle 

sf w.' Also the rectangles ^ ^ and ^ ^ are 

equal to the square on ^ ^.f Therefore the rectangle ^ ^ 

and the square on ^ ^ are equal to the square on 

Frop/VI p. Sa 

Alternative proof. 

The rectangle'^ ^ ^ is equal to the rectangle ^ i*. g 

■ which is equal to twice the rectangle 

5f.| and the square on «r To 

^ both these equals add the square on 
What is the result? The rec- 
r tangle ^^and the square on ^ ^ 

are equal to twice the rectangle and the squares on 

^ and 3 H* which ( i e, twice the rectangle ^ ^ ^ and the 

squares on^ ^ and w ^ ) are equal to the square on 31 ^.11 

Prop. VII. p- 84 

Alternative proof. 



The square on ^ ^ is equal to the squares on ^ ^ andqsi ^ 
and twice the rectangle ^ ^ ^ ^ To both 

these equals add the square on ^ isr* Then 
the squares on sf ^ and ^ ^ are equal to twice 
the square on twice the rectangle Sf 


Yl 

A 

/ 

y 


4 ^ ^ and the square on ^ square 

™ I . iT : j 


on ! 5 r w and the rectangle si ^r- 3t ^ are equal to the rectangle 


*(11.8). +{11. 2). 

"gilt ^ ^ ^ + ( ^ ^ ^ ^ C ^ ^ and ^ 

+ 
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Therefore the squares on ^ ^ and ^ ^ are equal ■ 
to twice the rectangle ^ ;sr ^ the square on 
• Prop. VIIL p* 84^5. 

The rectangle 3? «r ^ is equal to the rectangle ^ ^ 
and the square on ^ ^4 four times 
the rectangle ^ nSI. ^ is equal to twice 
the rectangle and four times 

the square on ; 3 r g is equal to the square on 
^ Therefore four times the rectangle 
^ if ^ is ■ equal to twice the rectangle 
if ^ and the: square on gr?- To both these equals add: 
the square on sr Then four times the rectangle ^ ^ g 

and the square on if if are equal to the sum of twice the 
rectangle if if. if ^ and the squares on if if and if But the 
sum is the square on if ^.jl 

Prop. IX. p. 85-87. 

Another alternative- 

On if ^ and if ^ describe the squares ^ |f and ^ Cut off 
if ^ equal to if Join if f*. Produce 
the line ^ ^ to the point Draw ^ ^ 
and if ^ parallel to the line if and 
^ a? ^ 5(1 parallel to if g.ff 






3 

TT 

$- 


51 

s 


M ^ ^ •'? 

The figures ^ and ^ ^ are equaL$| Also the four figures 


^(113). 

t (^f l‘)2 = (Sf^)2 + (^ W)2 + 23T^.^^(II. 4), 

Add ^ )^+,( ^ ^ )2 + 2(,^ ^ )2 + 2 ^ , 

but + (II. 3). ■ 

/. 2( if ^ )2 + 2,31 if, ^ 

; ( n.,:s„). ' ■ , §.: '^=='2ir % or ^ ' f ^ 

/. 4; 3f,w.. W ^=4 3f w. W 4 { ^, «r )2; . but, 4, Sf, . W W =2 W 
:aud^ 4.(W'C}^ = (,^ 3? W. ^^=:2^^.^f+:(,!3r'^) Add (31^)^ 

to both 4 3T ^f^5r^-K('3f ^5rp==2 3f ir. ■=3r^,-|-'(5^^)^,4(,sr!5r) 2 ; but 
+ (,^, + 2 3? 53f. if ( if ^)2 ( 11. ■ 4' ) ... 4 ^ if, s| if 4 . ( 31 if I 2 = ( il ^ 

1(1 46). ^" (13 ). ft (1.31). 

; , $$ •.•The line 31 ( because and;’4:„^=^ ^ ), 
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^•ITj and'^ are equal Similarly' also the 

m ^5 ^ ^ ^ equal The sum of the figures ^ aud 

makes up five figures and they are 'equal to the squares 
oil ^ ^ and ^ The remaining five figures are equal to the 
preceding five figures. The ten figures together make up the 
squares ^ |f and ^ Therefore the squares on si ^ ^ 

are equal to twice the squares on ^ ^ and ^ Thi^^ is just 
what, we required* 

Another alternative. 

From the line bi jsIj cut off ^ ^ equal to ^ Then twice 
the rectangle ; 3 l ^ and the square 
^ ^ ^ ^ on ^ ^ are equal to the squares on ^ 

and ; 5 f Of these f* is equal to ^ ^ 
and is equal to ^ Therefore twice the rectangie si ^ ^ 
and the square on ^ ^ are equal to the squares on ^ ^ ^ % 

Add the squares on and ^ ^ to both. Then twice the 
rectangle ^ ^ and the squares on ^ ^ and ^ which 

are equal to the squares on ^ ^ and ^ are equal to the sum 
of twice the square on ^ ^ and twice the square on vSf 

Prop, X. p. 87-89. 


Alternative proof. 

On ^ ^ and ^ ^ describe the squares ^ f and ^ ^-1 D^aw 
<W ' ¥ g the diameter the points ^ 

\. g- ^ g and ^ draw the lines ^ 

J \k ^ parallel to the line sr and from the 

i\ ^ ^ points ¥r and draw the lines n ^ 

0^ ^ \rf yy and *r parallel to ^ 

' . ' ; ^ . \., that the figures ^ ^ and ^ ^ aie equa, . 

; ^ .g that the figures ^ W ^ 

,,ll and: are equal ■ Similarly the. figures^ ^ iT?, 

' and «f are also' e€[ual. But, the sum of the figures an 

eg makes five of the preceding figures and ^ is equa^^ ^ 
squares on ^ ^ and ^ the remaining fiv^ 'lum 

to these five figures; and all these figures are equa J " 

Therefore the sum of too square. 


of the figu,res ^ f and 




(1.3). 

(IL4}. 


t { 11 . 7 ). 

§ ( to,). 


t 

1(1. 31,). 
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on ^ and ^ is equal to twice the square and twice the 
■square on ^ 

Another Alternative. 

Divide the line ^ ^ into two in the point ^ * Then twice the 
rectangle ^ ^ and the square on 
^ f ^ ^ ^ or twice the rectangle ^ ^ ^ and 

the square on ^ ^ are equal to the squares 
on ^ ^ and ^ and consequently equal to the squares on ^ 
and ^ To both these equals add the sum of the squares on 
^ ^ and ^ Then the sum of the squares on ^ and ^ ^ 
shall be equal to the sum of twice the square on ^ ^ and twice 
the square on ^ 

Prop. XI. p. 89-91. 

Describe the square ^ Bisect ^ ^ in the point Join 

the line ^ Mate ^ equal to f b?.|| Join 
By this line' ^ is divided into two 
such parts ( as are required ) in the point 

Proof. 

Draw the line ^ gr parallel to the line ^ 
Produce the line ^ sr so that it may meet the 
line ^ g[ in the point Again from the point 
^ draw the line ^ ^ parallel to ^ The 

figure>s g* ^ and ^ ^ are equal to one another4| To both these 
add the figure ^ Then the figure g ^ is equal to the figure 
^ ^ ^ being bisected in ^ and ^ ^ heing joined to it, it 

may be proved that the rectangle ^ fr g is equal to the 
figure ^ ^,§§ and consequently to the rectangle ^ g. g 

* Scil. and nroduee It so tbafcd^ ^=3? t ( ). 

:|: 2 ^ ^ ^ ^ ^ ^ ^ ^ P ( XL 7 ); but ^ w=-bt 

2 BT ^3rW4-( w ^ ) 2 = ( S? ^ ) 2 -j- ( g ^ )2; to both (BT - 1 - ^)2. 

A 2 ^ ^ ^ + (, BT ^ )2 -f ( g ^ )2 = 2 ( 3T ^ )- -1- 2 ( ^ ^ ; but 

( g ^ )2=( 3T ^sr )2 +{ g ^ )2 + 2 BT T ( II. 4 ). 

A (B?^)2^q^?r)2 = 2 (3T^)2+2(I3rf § {1.46). f ( I. 10). 

jj { L 3. ). ^ Scil. meeting bt^ in ■: **, ( I, SI ). ft ( I. 31 ). 

tt (r.43). §§ V fr)2(ii, 6). 

= ( BT f ) 2 V f g= BT f (Con.), 

= (BTif )2-f(gf )2 { L 47 ). 

Take away ( ^ f from both these equals. 

^ ^ ^ )2 = BT f ■.* BT ^ has been proved equal to vT 
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By this proof the equality of ^ and ^ ^ is settled and the 
equality of the lines g ^ and ?r sr is also proved * ^ ^ has 
been proved equal to =r gr ^ is the rectangle gr ^ W and 

tliis is equal to tbe square on bt 

It will be easily noticed that this Prop, gives a geometrical 
oonstruction for the solution of a particular quadratic equation. 
The, solution is required in the construction of a regular decagon. 

■ On this Prop, depends the demonstration of the well-known 
lOfch prop, of the 4th Book. Many uses of a line thus divided 
will be found in Book XIII. 

■'.Prop. XIII p. 91-92. 

Generally three cases of this prop, are given ; Euclid gives 
only the first case and the second and third cases are supplied 
by.Simson. ?ide Tod. p. 270. 

Prop. XIV. p, 92-93. 

Alternative Proof. 

Describe a triangle equal to the given figure. Let ^ ^ ^ 

^ be the figure. In this figure make 
triangles, thus one triangle is ^ ^ 
another is ^ ^5 and the third 

f • These are the triangles formed. 
Again form a triangle equal to the 
sum of the triangles sr ^ ^ and 
^ ^ in rlie way mentioned. Thus : — Produce the line ^ From 

the point draw the line ^ ir? parallel to the line ^ q-.l These 
lines shall meet in the point Again draw the line ^ 
Then the triangles and are eqnal.ll Therefore 

the triangle ^ ^ is equal to the sum of the triangles ^ ^ 

and 

* ^ ?r. ^ ; but ^ ?! ( I. 34 ). 

/.fr^=?r^;bafc^^=?!3T( L 34 }. 

t V?! ^ i 3 tlic square on ^ ^ and ?! 3? being proved equal, 

t {L3I). 

li ( I. B7 ) •/ are upon Uie same base ^ ^ and between tlie same 
parallels ^ ^ and 3! 
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Again in tlie same way describe aiiotlier triangle equal to 
tlie Slim of , the triangles ^ ^ ^ and sr ^ f*. Proceed to de» 
scribe a triangle in the same way so long as it may be equal to: 
the assumed figure. Now a square equal to the triangle should' 
be described. Thus:— • 


In the triangle ^ ^ draw from ^ the perpendicular ^ 
on ^ Produce this perpendicular so far 
as ^ may be equal to half of ^ sf. With 
^ ^ as diameter, describe the semi-circle 
^ f. This circle shall meet the line 
^ ^ in the point Then ^ shall form 
a side of the square which is to be de- 
scribed. Because the square on ^ H is 
equal to the rectangle ^ ^ f .t This rectangle ^ ^ is 

equal to the rectangle contained by ^ ^ and half and, 
the rectangle contained by ^ and half w ^ is the area of the 



triangle. 


This is just what we wished. 


^ By the aid of this Prop, we may determine a line such that 
the square on that line is equal in area to any given rectilineal 
figure or we can square any such figure. As of two squares that 
is greater which has a greater- side, it follows that now the com- 
parison of two areas has been reduced to the comparison of 
two lines, ' 

The problem of reducing other areas to squares is frequently 
met with among Greek Mathematicians. We need only men- 
tion the problem of squaring the circle. 

In the present day the comparison of areas is performed in 
a similar way by reducing all areas to rectangles liavirig a 
common base. . Their altitudes' give,', them :a measure , of ' their 
areas/ Ency. Bri. p. 376. 


t V By completing the circle and producing to meet the circumfer- 
ence in it can fee proved as in Prop. 3 and Prop. 35, that ^ = 

^ nnd IT,' ^ 
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BOOK III ■ 

Prop. I. p. 94. 

L. 1849; omit It Is omitted in ¥. and ,B. 

. . From, this prop, it follows that if two chords intersect eaeli 
other so as to form four right-angled figures and if one of them 
bisects the other ( in other words, if one chord bisects another 
at right, angles ), then one of the chords passes, through the 
centre. It also follows that a perpendicular issuing from the 
extremitj?- of half a chord passes through the centre. 

Prop. IIB p. 95-96. 



Alternative proof. 

If the line ^ f bisecte the , chord, but is not perpendicu- 
lar to it, let it be assumed that 
from the point ^ ^ is the per- 
pendicular to the choi’d ^ 
Then by the meeting of the two 
lines ^ ^ and ^ ^ two right 
angles are formed and ^ sr also bisects the other line and still 
neither of the two passes through the centre. This is absurd.^**' 
If the line ^ ^ is a perpendicular on the chord ^ ^ but does 
not bisect it, then let it be assumed that ^ is bisected in the 
point From this point ^ draw the line ^ eg parallel to the 
line If* Then this line ^ qj shall be perpendicular to the 
line ^ One line bisects another at right angles and yet 
neither of them passes through the centre. This is absurd. 
Prop, IV, P. 97. . " ■ . . 




Alternative proof. 

From tlie point ^ draw' the perpendicular ^ ^ on the line 
^ ^ and cT ^ on the line f fr*§ Then these 
two perpendiculars shall meet at the centre.f 
Then the point ^ shall be the centre of the 
circle. But the centre is elsewhere.® There-' 
fore this is incorrect. What we wash to 
prove is alone proper. 



- ( Cor. ist. Prop. ) f { L 31 ). t{ C 20 ). § ( I. 11 ). 

^ Because it is assumed that tlie two chords and bisect each otlier. 
Perpeiidiculars passing tbrougli tlie point of intersection of the chords must 
pass through ilie center ( Cor. Prop. I ). ${ Hyp. ), 
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Prop. V, p, 98. 

Another alternative ( p. 101-2.) 

Produce the line ^ to ^ and ?f. Now ^ ^ is less than ^ ^ 
and therefore, shall be also less than the' 
line f It ( |- ^ ) is equal to ^ 
Butfg is greater ■ than f g*.! This is' 
absurd. 




Prop. 8j p. 99-102, 

Another alternative (p. 101-2 ). 

In the circle tsf is the centre. ^ is assumed as a point 

' ( within or without the cir« 
cle ■ other than the centre \ 
The greatest line passing 
through the ' centre is ^ 
The smallest line not pass-" 
ling through the centre is" 
^ In one and the ' same " 
direction of . the greatest" 
line draw the lines ^ ^ and" 
^ Join the lines ^ ^ and ^ Then the angles 
and vsri" ST eqiial.§ Therefore the angle ^ f sr is greater 
than the angle ^ ^ ^*5 Therefore the line f ^ is greater than 
^ ^.!i Again draw' the lines ^ ^ and ^ Then the angles 
and ^ are equal. The' angle ^ ^ is less than 
one of them ( f fT ) and the angle ^ fr f greater tlian one 
/of them" ( ^ ^ ^ Therefore ^ is greater than ^ Again 

on one side of the line ^ ^ draw the lines ^ ^ and ^ Join 
' ^'^:and',i^;tf 'and also and' gr Then the , angles 
and are equalff, ^ Therefore the angle ^ ^ ^ is less than 

* Because the radii f ^ and ^ are equal, 
t Because f is assumed as the center of both the circles. 

. t ^ tr being equal to ^ ^ and less than f ^ ?f is also less than f This 
is absurd. § ( I. 5 ). ^ Because the angle ^ 3T is greater than the 

angle ^ j| ( 1. 19 ). , $ 8cil. therefore the angle ^ f is greater 

than ^ fir, «^(I. 19). tt(I. S). 
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the angle ^ ^ Therefore ^ ^ is less than ^ ,, .Similarly 

^ ^ may be shewn to be less than ^ If on two sidesf two 
equal angles are niade^. then the two sides subtending the 
t;WO angles shall be equal ;§ and there shall be no third line 
equal to these two. Why ? Because two lines on one skM 
cannot be equal 

This alternative proof is a common proof of the 7th and 8th 
propositions. 

Prop. 9 p. 102-3. 

Two Proofs are given, one, direct and the other, indirect. The 
direct proof is as under: — 

Let ^ be the point in the circle ^ ^ and let ^ and 

^ be equal. Join ^ and ^ ^ and bisect 
the lines in the points ^ and g.S Join ^ If 
and (sf Then the sides of the triangles gr- 
^ H and :jfr ^ ^ are equal Then the angles 
also are equal to one another.!! Therefore 
the two angles at |f are equal. Then the 
line ^ ^ bisects the line ^ at right angles. 
Therefore ^ |f shall pass through the centre.^^ Produce this 
line to the points ^ and g-. Similarly it may be proved that the 
line g g passes through the centre. Produce the line g ^ also 
to the points and Then the lines ^ g and ^ ^ shall pass 
through the centre. These two lines shall not meet in a point 
other than g. Therefore ;g is the centre of the circle. 

This direct proof is found in some recent English editions of 

Geometry. ' ■ 

Prop. 10. p. 103.4 , 

This is proved in two ways. One of them ( the second ) is 
found, in air English works. ' The other is -as. under:— ■ 

* ( I. 19 ). When the point ^ is outside the circle, ^ ^ may be shewn to 
be less than ^ W as follows (1.20). but 

^cr.>W^. . or w w<^w..' 

t Of the line passing through the eenter. 
t Scil. at the center. § (1. ^ )• 

Of the greatest or the shortest line, 

id 10). !i(Ls). 


or 



(Oor.Ifl. 1 ). 
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Two circles cannot cut one another in more than two points. 

If they do, then let the two circles he 
g and ^ ■ Let them cut one another 

in the points and Join'i- ii: 

and ^ Bisect them in the points ^ 
and From these two points draw 
the perpendiculars ^ ^ and ^ These 
tw^o perpendiculars shall pass through the 
ceiitre.t By these two perpendiculars the chord of the arcs 
g" If and If ^ ^ of the circle ^ ^ and the chord of the arcs 
^ and ^ ^ of the circle ^ ^ are bisected. Then the two 

circles have the same center. This is absurd. § 



Prop. 11, p. 104. 

Propositions 11 and 12 in English 


^31 



books are given .as one 

in the text. 

If is not the centre of the circle ^ 
From this are drawn two lines |f ^ and |f ^ 
to the circumference of the circle. The line 
If ^ is opposite the centre, but it does not 
pass through the centre. Therefore it is less 
than If 1 1 Therefore it is also less than |f Th is is absurd. 
What we wished to prove wms alone proper. 

Prop. 12 p. 105. 

Alternative proof. 

is the centre of the circle ^ . Then |f cannot be the 

3T 

center of that circle. Therefore |f 
'is, greater than ^ ^ is the centre 

of the circle ^ ' Therefore |f '; 3 f and. 

If are equal. , This is absurd. 



MI. 10). t(Oor.IILl). 

^ Because it is tlie center of the smaller circle ^ and tlaese two circles 
cannot liave the same center (III. 6 ). II { 111. 7 }. 

$ Because ^ ^ is equal to ^ If being the center of the smaller circle* 
•"*(111.7). 

ft Because If 53f has already been proved to be greater than |f 
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. Again let g* be the centre of the circle ^ Join the line 
This shall pass through' the points ^ and This is absurd. 

.Prop. 13 p. 106. 

Alternative proof, 

" If ^ ^ and f be equal, but ^ and be not equal, then 






/ \ 


[y 

\ ] 




Then the angle 


let ^ g- be greater than ^ 

^ shall be greater than ^ and the angle ^ 
shall be greater than Then the angle 
^ ^ shall be less than the angle f ^ 1 The 

^ two sides ^ ^ and ^ ^ are equal to the two 
sides f ^ and ^ Then ^ shall be less 
than f ^.§ This is absurd. 

If g* ^ and ^ cu are equal, but sf^ and be not equal, 
then g* ^ and cfj ^ shall not also be equal,*! Then their squares 
also shall not be equal. But the squares of ^ ^ and ^ ^ are 
equal. Therefore the squares of ^ ^ and ^ ^ shall not be equal. 
But they are equal. This is absurd. 

Prop. 14 p. 107-8. 

Two proofs are given, of which one is almost the same that 
is found ill English books. They are as under:— 

First proof. 

Let ^ ^ be the given circle, and ;sr ^ its diameter. The chord 
^ ^ is nearer to the center than ^ g*, ivhicli 
is more remote. 53 ; is the center. From the 
center draw the perpendiculars ^ ^ and ^ ?r. 
The perpendicular is less tlian^i|.|l From 
c |5 ( the greater ) cut ofi‘ ^ ^ equal to ^ ^ 

( the less ).$ Through the point ^ draw the 
line ; 5 T parallel to if The line ^ shall be equal to 



(III. II).,' 

I { I.;32 aiicl S-ilS. ) ,. ' ):*■■■■ , 

f Because they are halves of ^ ^ and f ^ ( III. S ) and halves of onecinals 
are unequal. 

II ^ ^ being nearer the center than ^ 


Ki.3). 


• ( 1 31 : 
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the line f Join ^ ^ and ^ Then tlie sum of 

^ ^ and' zj wliicli is equal to ^sf shall be greater than ^ ^;“j“ 
and ( consequently ) greater than f ^4 Again in the triangles. 

^ and ^ the sides and ^ gp are equal- 

But the angle ?f ^ ^ is greater than the angle ^ ^ There- 
fore ^ if, Avhich is equal to ^ ff; is greater than ^ ^.§ ^ n* is 
proved to be greater than ^ This was just what we required. 

Second proof. 

Let ^ ^ be the given circle ;if ^ its diameter, and f its center. 

Let the chord ^ ^ be parallel to the chord 
On it ( fi- ^ ) drop a perpendicular from 
the point This perpendicular shall not 
meet the chord in the point Why? Because 
if f fr is joined, the angles ^ and ^ in the 
triangle ^ ^ ^ shall be equal. |1 Then these 
two shall be right angles. This is absurd.! Nor 

shall the perpendicular fall between the points ^ and like 
Why ? Because ^ : 3 f ^ shall be aright angie.^'^^^ If^gis 
joined and produced to ^ and ^ ^ is joined, then the angle f» 
^ gj, which is equal to the angle ^ ^ f shall be greater than 
a right angle4+ The angle f g* ^ is less than the angle ^ ^ ^ 
and greater than the augle ^ ^ This is incorrect.|§ There- 


- ( ni. 13 ). , 1 1. 20 ). J §■ ( I. 24 ). 

4HI.5). 1(1.17). ^ 

It beiog equal to the alternate angle ^ ^ or ^ ^ as ^ and ^ will 

coincide when tlie perpendicular' -from, ^ on H cf ' falls between'. IT and ^ 'as 
?r.., ' ;'1T{ I* 0 ). ■ Because f ^i^T is a right angle. 

, §§ is, parallel to ^ ^ and ^ ^ falls upon them, therefore the angles f 

^ and cT are together equal to two right angles ( I. 29 ), But f ^ ^ is a 

.'.'.right' angle.; therefore,'^ ^ ^ is also., a right angle. ' 'TlinS'i; ^ ^i's.less’ than ,a' 
'.right angle, being less than. ^ ^ ^,;.'.and '■greater, than, an ,„ obtuse angle,. ...being, 
^greater than '1 ^ =5rXL16 )’. 
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fore tlie perpendicular shall fall outside as ^ . Siinilaiiy the 

perpendicular ^ from ^ shall fall outside. The linedsf equal 
to ^ shall be greater than ^ In the very same manner 
the line |f ^ shall be greater than another line, more remote 
(from the center ), if it be parallel to it. If it be not .parallel, 
it should be made parallel This may be proved in the manner 
shewn above. 


; ■ .Prop. 14 pa08-9. 

f=^TRTO5Km: = The angle within 
the circle between the diameter and the circumference. 


== The angle formed between the diameter and 
the perpendicular drawn to it from its extremity, the angle at 
the point of contact. 

Alternative proof ( p. 109 ). 

It has already been proved by us that of the lines drawn 
^ from a given point on a given straight line, 

® the perpendicular is the least. Therefore 
whatever line is drawn from the point ^ on 
r ^ ^ shall fall outside the circle. Why ? 
^ Because it shall be greater than half the 
^ diameter ^ in this case). Therefore the 
perpendicular^^ shall not fall within the circle.^ Again 
whatever line shall fail between the perpendicular ^ ^ and the 
diameter ^ ^ shall necessarily fall within the circle (like 
Why ? Because the perpendicular that shall b© drawn from the 
point ^ on this line shall be less than half the diameter 
( g- ^ ).t Therefore no line shall Ml between the perpendicular 
and the. circumference. 


All the lines from f on ^ IT falling outside the circle, ^ W must fall out- 
side. 

t Because f ^ Is not a prependicular on this line and therefore greater 
than any perpendicular from 1“ on this line. But ^ is equal to 1] Therefore 
the perpendicular from ^ on this line shall be less than ^ But ^ is a point 
on the circumference. Therefore the perpendicular must meet the line ( ^ ^ ) 
\Yithiii the circle, and therefore ^ ^ shall fail within the circle. 



So 


Prop. 16. p. 110. 

Alternative proof. 

Join the line ^ ^ and produce' it to f. Describe a square 
equal to the rectangle 1 ". w From 
^ f cut off ^ gf equal to a side of the sqiiare.f 
From the center ^ and radius ^ ^ describe 
the circle ^ g*. J oin Bf This shall be 
the tangent required. Why ? The sum of 
the rectangle f ^ IT which is equal to ■ 
the square on ^ g-; and the square ^ ^ 
which is equal to the square g- is equal 
to the square on Therefore the angle 

^ g ^ is a right angle. !| Therefore sf g touches the circle.S 
Prop. 17. p. 110-1. 



Alternative proof (p. Ill ). 

If ^ w is ^ perpendicular on g g, then fro n the point g 
draw the perpendicular g ^ on g i*. Then 
this perpendicular also shall touch the 
circumference in the point g, and it shall 
fall between the first perpendicular and 
the circumference on one side of g g or 
gg. This is absurd. 

The line of argument adopted is as under:— If to|* gj a 
radius^ g g, a tangent drawn from the point of contact g be 
not perpendicular, let g g be drawn perpendicular to it. Then 
there are two tangents from g, which is absurd. (III. 15). 

Drop. 22 

The prop, teaches us that there cannot be two unequal simi- 
lar segments on one line on the same side of it. 

It can alse be proved that there cannot be two unequal simi- 
lar segments on one line on the opposite sides of it. 

H). ■ ■ t;(I. S ). 

t Because it is equal to ^ ^ and ^«ris equal to 3? C'' 

§ g ^ being equal to g ■ 

^ 5 3i-3r sr+(? srf (n.:6}; but f ar. bt 5r=(aT w)® and ?r)“=(t‘ 

?r) ;2 (3T W)= -r(?r 3T)^ (w a)2+(5r {? 31)2. 

II ( I. 48 ). $ { m. 15 Cor. ). 
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If possible let there be two unequal similar segments A B C 
and ADC on the same line A C and 
on the opposite sides of it, and let 
A D C be the greater of the two. Bisect 
A C in E ( I. 10 ), and from E draw 
E B and E D at right angles to A C 
( L 11 ). Join A B, B C, A D and C D. 
The segment ADC being greater than 
the segment A B C, the perpendicular D E is greater than the 
perpendicular B E. From D E cut off E F equal to E B ( 1. 
3). Join A F and C F. The triangles ABE and A E F are 
equal and so are the triangles EEC and E C F ( I 4 ). There- 
fore the angle A B E is equal to the angle A F E and the 
angle EEC to the angle E F G. Therefore the whole angle 
A B C is equal to the whole angle A F 0 ( 2 Ax. ). But the 
angle A F C is greater than the angle A D C ( I. 21 ). There- 
fore the angle A B C is also greater than the angle ADC. But 
it is equal to it, as the segments are similar ( Hyp. ). This is 
absurd. Therefore there cannot be two unequal segments &c. 
Q.E, D. 

Prop. 23 p. 113-4 

The prop, is proved in another way as follows by Pelitariiis:— 

Let the similar segments A B K and C D E be upon equal 

straight lines A B and C D. 
Then, they shall be equal. 
For, if they are not equal, let 
C E D be the greater. Bisect 
AB and C D in F and G 
respectively ( I. 10 ) and 

from F and G draw F K and G E at right angles to A B and 
G D respectively ( I. 11 ). Join A 'K, K B, C E and E D. Then, 
the segment CEB being greater than the segment A K B, 
the' perpendicular G E is greater than the perpendicular F K, 
From G E cut off G H equal to F K ( I. S ). Join C H and 
H D. In the triangles . A K F and 0 G H, the angle C H G 
mav be shown to be equal to the angle A K F and similarly 
the angle D H G may be proved to be equal to the angle 



B 
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B K F ( I, 4 ); Therefore the whole angle C H D is equal, to 
the whole angle A' KB (2 Ax. ). But the angle G H D is 
greater than the angle C E D ( L 21 ). Therefore also the 
angle A K B is greater than the angle C E D. But they are 
equal, because the segments are similar (Hyp.). This is 
absurd. Therefore similar segments of circles • on equal chords 
must be equal. Q. E. D. 

Prop. 24 p. 114-5. 

Another proof. 

Let A B C be the circumference of the given segment. In 
it take any three points A, B, and C. Join, 
A B and B C. Bisect them in the points 
D and E ( L 10 ) and from D and E draw D- 
F and E F at right angles to A B and C D 
respectively ( I. 11 ). eJoin D E. Then as 
the angles B D F and B E F are right 
angles ( Cons. ), D E divides themj, the angles made by D- 
E with the two perpendiculars are less than two right angles. 
Therefore the perpendiculars shall meet (12 ax. ). Let them 
meet in F. Now because D F bisects A B at right angles, the 
center of the circle is in the line D F ( III. 1 eor, ). For the 
same reason the center of the circle is in E F. Therefore F, 
the intersection of the two lines is the center of the circle, 

Compane gives another way to find out the circle, which is 
almost the same as above . 

. Let A E be the given segment. In it take only two lines A- 
C and B D. ^ Bisect them in E,and F' 
respectively ( L 10 ) and from E and F 
draw E-G and F H, at' right' angles, to .A, 
C'and B D ( L 11 Let the perpen- 
d.iculars cut one another in, K.,;, . Then 
the center' of the circle is in 'either of, the perpendiculars, E.,G 
and F H '( IIL1, eor. )•' 'and therefore, ' the intersection ,of ,,'the; 
two lines iS'the .center;, 


a B 
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But if E G aiiclF H do not' cut one another but form one 
straight line as G H, then too the center 
of the circle shall be in both the perpen- 
diculars EG and FH (III lcor.)v 
therefore K, the bisection point of G H; 
is the center. 



Prop. 28 p. 116-7. 

— Construction. 

Prop. 30 p. 117-8. 

^fU|j=Tiie angle in a segment. 

Alternative proof ( p. 119). 

In the triangle ^ ^ the angle ^ is a right angle. With 

as diameter describe a circle. It shall 
pass through the point If it does 
not pass through it, let it be otherwise. 

— Produce ^ to meet the circumference 

ill Join ^ g’. Then the exterior and interior angles of the 
triangle shall be eqiial.^^'' This is absurd. 

This alternative proof is the converse of the first part of the 
Prop. 

Another way of putting the converse of the first case is as 
follows:— 

If a riglit-angled triangle be inscribed in a circle, the side 
opposite to the right angle shall be a diameter of the circle. 



The angle Sf ^ the exterior angle of the triangle ^ ^ ^ is a right 
angle ( Hyp. ) and the angle 3T ^ is a right angle^ being an angle in a semi« 


circle. 



■Let ' the right-angled triangle ABC he inscribed in the 
circle A B,C; then the side A C; which is 
opposite to the right angle A B C, shall 
l3e a diameter of the circle. 

For if it be not a diameter. let E be 
center of the circle. Join A E and pro- 
duce it to meet the circumference in D. 
Join D B. Then the angle A B D is a 
right aiigle^ heing an angle in a semi-circle. But the angle A- 
B C is a right angle ( Hyp. ), Therefore the angle A B D is, 
equal to the angle A B G. This is absurd ( 9 Ax. ). There- 
fore E is not the center of the circle. In the same way it may 
be shewn that no other point outside the line A C is the center. 
Therefore A C is a diameter of the circle. Q. E. D. 



Prop. 31 p. 119-20 


Alternative proof ( p. 120 ). 


From the point draw ^ ^ parallel to ^.f Join ^ . 

and ^ Produce ^ ^ to meet ff ^ in 
The line ^ cjj is a perpendicular on ^ ^ and 
^ H-l. This perpendicular bisects the line 
^ ^ is equal to g ^ is com- 

mon to both ( the triangles ^ g’sp and ^ 
I 3 -). Therefore the angles 1 * ^ aiid ^ ^ ^, 

shall be equaLii, But the. angle ^ ^ is equal to„the angle' if- 
^ Therefore the,' angle, n ^ ^ is, equal to. the', angle. |r 



* )Any point on the circumference. 

. :ir ^ is' the eeiite,.r of tbe 

§ The angle f is a right angle ( III, 17 ) and is equal tu the alter- 
nate angle .W. ^ ^ { L 29 ). 

f (111.3). II (Li). 
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Prop. 33 p. 121-22. 

Alternative proof. 

Let ^ be tlie center of '.the circle. If the given angle be a 
right angle draw the diameter from any point ^ on the circum- 
ference. The diameter shall cut the 
circle into two equal parts. When the 
given angle is not a right angle, 
produce the line to the point g-. 
Of the two angles ^ and ^ ^ 
one is an acute angle. At the point 
f in the straight line make the 
angle ^ equal to the angle f Make f ^ equal to 

Join !5r At the point :3f make the angle ^ ^ ^ equal to 
the angle ^ Join ^ Then the angle shall be 

equal to the angle ^ g'.IT This (the angle ^ ^ is equal to 
the angle ^ ^ But the angle ^ ^ ^ is equal to the angle 
f ^ ^* * * § 11 Therefore the angle ^ ^ ^ at the center is equal to 
the angle ^ f This angle at the center is double of the 
angle at the circumference in the segment ^ ^ Therefore 
in this segment there shall be an angle equal to the angle ^ 
ll*. In the other segment there shall be an angle equal to the 
angle ^ ^ g-. Q. E. D. 

Prop. 34 p. 122-4, 

There are fi-ve cases of this Prop; — 

(1) When the two chords are diameters-, 

( 2 ) When one of the t-wo chords is a diameter and cuts 

at right angles the other chord that, does not pass 
through the center; 

f 3) When one of the chords passes through the center, 
but does nob cut the other which does not pass 
through the center at right angles; 


* Each part shall thus be a semicircle, and the angle in a semicircle, 

being a right angle, shall be equal to the given angle. 

t(1. 23). §(1.23). Il(t..'>i. 

§ (I, 32 and 3 As.), ■, ■ 
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(4) When D either of-the two chords passes tlirougli the 

center, and when one of them, bisects the other; 

(5) When neither of the two chords passes through the 

center and when one of them neither bisects the 
other nor cuts it at right angles. 

The first three cases are very simple. The other two cases 
are as under : — 

4tli case. 

If of the two chords neither is a diameter^ then if the line 
^ meets the' other line at the point , 

of its bisection, from the point ^ draw the 
perpendicular ^ ^ on Join ^ and 

^ The line ^ ^ i e. the perpendicular 
from ^ on ^ ^ ) shall coincide with ^ 

Then the rectangle ^ f* ;sf together with the sciuare on ^ ^ 
is ec|ual to the square on ^ these (equals) add the 

square on ^ Then the rectangle ^ f ^ together with 
the squares on ^ ^ and ^ which are equal to the square on 
IT f is equal to the squares on ^ ^ and ^ and consequently 
equal to the square on The square on ^ ■which is 

equal to the square on ^ is equal to the squares on ^ ^ and 
^ ^.\\ From these equals take aw^ay the square on ff Then^ 
the rectangle ^ ^ remains, equal to the square on ^ 

which is equal to the rectangle g f . f 

5 th Case. 

If of the two chords none is a diameter, nor does one meet 

a the other at its point of bisection, nor does it 
fall as a perpendicular upon the other, then 
the perpendiculars ^ g* and fr ,icr Ml un one 
^ side of the line II* ^ or on two sides. ' Then' 

, the rectangle f together , witl'i the 
: square on ^ ^ is equal tO' the .square' on' ^ 

(i:'47')., ^ ■■■'■ liqi, 47').: 

, ■ «!' f being tlie, bisection .point of 



$ (IL5}. 
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To , both these ' ( equals ) add the square ob ^ Then the 
rectangle ^ f together with- the square on ^ which is 
equal to the square on g- ^ and ^ is equal to the square on. 

which is equal to the squares on ^ ; 5 f and Again the 
rectangle ^ 5 ^ together with the square on ^ is equal to 

the square on g* To both these ( equals ) add the square 
on ^ . Then the rectangle ^ ^ together with the square 

on ^ ^5 which is equal to the squares on ^ ^ and is equal 
to the square on ^ which is equal to the squares on ^ and 
g* But the square on is equal to the square on ^ 
From both these equals take away the square on ^ Then 
the rectangle w §■• f remains, equal to the rectangle 

Prop. 35 p. 124-5. 

The following three corrolaries follow from this Prop.:— 

( 1 ) If from a certain point without a circle there be drawn 
any number of lines cutting the circle, the rectangles contained 
by every one of them and its outward part are equal to one 
another, 

( 2 ) If from a certain point without a circle two tangents 
be drawn, they are equal to one another. 

( 3 ) From a point without a circle only two tangents can 
be drawn*. . . . . . 

47). ■ ,'t(G.5:). . ■§(L.47). t (1.47). 

' j! f. f g* f ]^=( w ^ (ii.s )^^^ 

. Similarly = 
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For if more tangents can be drawn,' draw A B, A F, and AD. 
A : touching the circle. Then the angles A B E, 

/l\ A F E and A D E are right angles ( III 1*7 ). 
/ \ Therefore the angle A ,F E is equal to the 

which is absurd, because it is 
greater than A B E ( I. 21 ). 


Prop,. 36 p. 125-6. 

Alternative proof. 

Join If ^ ^ is the center ) and |f From the point 

draw the perpendicular |f ^ on ^ Then the 
rectangle ^ ^ ^ together with the square on' 

^ ^ is equal to the square on g* Add the 
square on ^ |f. Then the rectangle tsf to- 

gether with the square on ff which is equal to 
the squares on ^ ^ and ^ |f,J that is, together 
with the square on |f ^ which is equal to the square on |f is 
equal to the square on ^ which is equal to the squares on 
^ ^ and ^ If. I But the rectangle ^ ^ ^ is equal to the 

square on ^ Therefore the squares on ^ ^ and |f ^ are 
equal to the square on |f ^.il Therefore the angle n ^ ^ is a 
right angle. Therefore the line ^ touches the circlejS and 
does not cut it. This was just what was washed. 



k. 


* (1.12). t (11.6). 

J(1.47). §(1.47). 

f (Hyp.). 

11 ^?.?^+(^«r)3=(sr?)2 (U. 6). 
^?.?5r+(3r^)®+(^?r)2=(sr ?)®+(Jr fr)2. 
? 5r+( ^ sa’ )® =( 5r T)® . 

? 53r+ ( ?t St )2 = { a ? )^ 
buts-?. ^«r=(^w)®. 
.•.(5rSt)®+(?rST)®=:(|t? j^: 
t(in. 15). 
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BOOK IV, 



Prop. I. p. 127 . 

Alternative proof. 

Bisect the line ^ f in Let ^ be the center of the circle. 

From ^ draw on both the sides the lines 
^ and ^ equal to ^ fr.f From the 
points g* and ^ draw the perpendiculars ^ ^ 
and ^ ^ ?T* TWs line is 

a chord equal to the given line. Why? 
Because it is equal to ^ and therefore to 

Prop. IL p. 128. 

Alternative proof. 

Bisect the two sides ^ ^ and ^ which contain the acute 

angle ^ in the points ^ and gf. From 
the points ^ and ^ draw two per- 
pendicularsil ( to the lines ^ ^ and 
^ ^ ) meeting in the point c^. Join 
the lines ^ ^ f and ^ These 

three lines shall be equal.$ Let ^ be the center of the circle.*^’^ 
Draw any line ^ At the point ^ make the angle 
equal to the angle ^ ^ Again make the angle ^ 

equal to the angle ^ ^ The remaining angle «r ^ ^ shall 
be equal to the remaining angle ^ ^ ^.§§ Join the lines ^ 

^ isf and ^ Then the triangle ^ ^ shall be the triangle 

required. 

Proof. ' 

The angles w W and ^ ^ Bf.are' equaLli.lf Also the angles 
sp ^ f and ^ are equaLjl i’l:'- The angles and are; 



( 1 . 10 ). 

It (1.12). 
f (I. 10.).; 

( III. ,1 ).: 
tt (1.23).: 


1 (1.3). 

§(1.31). 

1) (1.12). $ (1.4). 

tt (1-23). 

§§ ( I. 32 and 3 As. ). 

111! (1.1). 
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equal'^* Therefore' the angles ^ and ^ and g and ^ are equal 
Similarly the remaining angles may be shown to be eqiial.f 
Prop. Ill p. 128-30. 

Alternative proof. 

Bisect the angles at ^ and ^ by two lines. J These two lines 

shall meet in the point From 

k the point ^ draw the perpendicu- 
lar g* on the side f Draw 
^ ^ ^ is the center ). At tie 

point gf make the angle ^ ^ ;f 
^ equal to the angle From 

the point ^ draw the tangent.il Produce this line and also ^ ^ 
so as to meet in if. Therefore the angle ^ *f ^ is equal to the 
angle ^ ^ At the point make the angle q* ^ ^ equal to 
the angle ^ ^ Produce the line if ^ so as to meet ^ ^ in 

the point Therefore the angle ^ ^ is equal to the angle 
c |5 Again from the points if and ^ dra-w tangents to the 

circlef t and produce them to the point if. Therefore if ^ if is 
the triangle required. 

Proof. 

Join ^ The side ^ n is equal to ^ ^ if is common to 

both the triangles ( if ^ ^ and if ^ ^ The angles at ^ and ^ 

^ ( Cons. }. 

t angles,^ ^ W and ^ ^ ^ being equal ( Cons. the remaining angles, 
^,,3? and ^ ^ are equal,. to the remaining angles Sfj ^ f and ^ f ^ (I. ' 32 
and ,3. Ax. ). But the angles ^ 3T ^ and ^ ^ 3T are equal (,I,q5 ) and so are the' 
angles ^ ^ 1* and ^ ^ Therefore the angles ^ ^ f and ^ a? «r are equal and', 
so- the langles ^ f ^ and ^ «r 3?. .Similarly the angles ' ^ ^ and ' ^ may 

be proved to be equal and also the angles ^ ^ and ^ 

;;; 23). , . il (III id). 

I ,,,The angleS' at and ^r.aren'qual ( Cons. ) .and the, angles , at f and; , are 
equal; because: the angle «rJsa right angle (III. 17) .and the angle ^ is a,' right 
angle ( Cons. ). Therefore the remaining angles at 5f and f are equal ( I. 32 
'.and.S Ax.'J. 

(L23). ft (in. i(>). 
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are right angles * Therefore the angles sr sf g and ^ JT ^ are 
equalf The angle sr ^ sr is equal to the angle ^ ^ ^4 Simi- 
larly the angle gj ^ ^ is equal to the angle ^ irf. Therefore 
the angles ^ and IT are equal. 

Pelitarius shews another way of describing a triangle about 
a circle equiangular to the given triangle. 

In the circle ABC, inscribe the triangle G H K equiangu- 
lar to the triangle DBF 

( IV. 2 ), SO that the angles 
at G, .H, and K may he res- 
pectively equal to the angles 
D, E, and .R Draw L M, 
M N, and N L respectively 
parallel to G H, H K, and 
K G and touching the circle 
in the points A, B, and C respectively.! These three tangents 
shall meet in the points M, and N, which can easily be 
proved by producing the lines G H, H K, and K G on both the 
sides until they cut the lines L M, L N, and M IST in the points 
0, P, Q, R, S, and T. Then the triangle L M circumscribed 
about the circle, shall be equiangular to the given triangle. For 
it may be proved to be equiangular to the triangle G H K by 
the property of parallel lines. Therefore it is equiangular also 
to the triangle D E F« 

. Prop, IV, p. 130. , , . 

It follows that the three bisectors of the interior angles of 
any triangle meet in a point and this is the center of the circle 
inscribed in the triangle, 

* (III. 17). 

t (ir (L 47) = (^aT)® + (3T^)Ml- 47). 

/.(W?r)2+(W^)"=(Hr3T)2 + (3T W)2;but = 

( s? W 2 ^ the aagles 3? sr sr and ^ cf are equal ( I. 4 ) or ( 1. 8 ). 

t g-j <^5Ttc=2 f <2 ^ f <ar «r* 

f fr. 

§ Take a chord, bisect it, Join the center with the bisection-point and 
produce the line to the circumference. From the point where it meets the 
circumference, draw a tangent. Then this shall be parollei to the chord. 
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Prop. ¥. p. 131. 

The three straight lines which bisect the sides of a triangle 
at right angles meet in a point and this point is the center of 
the circle circumscribed about the triangle. 

Prop. VI p. 131“2. 

Alternative proof ( p. 132 ). 

' In. the ' circle first draw the line (f- is ' the center ); 

a Through the point ^ draw the tangent ^ ^ 

Make ^ ^ and ^ g* each equal to ^ f.f Join 
and f ^ (meeting the circumference in 
the points ^ and ). Then the angles ^ and 
r g- are each half a right angle. Therefore the 
^ ^ angle g-.f ^ is a right an-gle. Join the line 

Then the arc ^ ^ w shall be one-fourth 
of the circle. Draw the chords ^ ^ and ^ equal to , w 
the chord .of , the arc ^ ^ .Join g Then the. required 
square is. formed. How ? The four sides ( of the quadrilateral 
figure) are .chords of the four, quarters of the circle and the 
four angles are right angles. 

Prop. IX. p. 133. 

After this Prop, Pelitarius adds the following Prop.:— 

A square circumscribed about a circle is doiibie of the square 
inscribed in the same circle. 


Let A B D G be the square circumscribed .about the circle 
' ; . :, j| . f/ • B of which K .is the center.. Let Ej F, G, 'and H 
be the points of contact. ■ Draw the: diameters 
, \\ EGand:F H. ■■■Jom .E F,.F G, G 

Then there shall be .inscribed . ill .the' circle a 
\\ /y square E'FG. H.C’lV. 6).,' The .squall 
C G .D shall be double of the .square E F G IL A B 
is equal to F H ( L 34 ). But the' square of F H is double the 
^iiare .'.of . which it,'' is the . diameter I.. 47 ). Wherefore the 
square of A B, that is, A B D 0 is double of E F G H. Q. E. D. 




t (1. 3). 
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Alternative proof. 

f 'as its center. Take ' any 
point ^ on the circumference. From the 
point ^ draw the tangent ^ Make it 
equal to the diameter. Join the line 
^ With the center ^ and radius ^ ^ 
describe the semi-circle ^ This circle 
shall go outside the line ^ Why ? Be- 
cause' the line ^ ^ which is equal to ^ ^ is equal to ^ This 
line ^ f is greater than the line ^ Produce the line ^ ^ to 
the point g*. Again with the center and radius ^ ^ describe 
the arc ai . This arc shall cut the arc ^ ^ at the point 

Why ? Because the line ^ ^ equal to ^ ^ is greater than ^ 
Join the lines ^ ^5 If and Then |r ^ and g- ^ are- 
equal to one another. Why? Because ^ ^ and ^ ^ are equah 
Again from the point f draw the perpendicular |r on the line 
^ ;sf.f Then the line ^ ^ shall be bisected in The angle 
^ ^ is a right angle. Therefore the angle ^ ^ is an obtuse 

aDgie.§ Therefore the square on ff is equal to the squares 
on If ^ and ^ together with twice the rectangle ^ ^ 

Twice the rectangle ^ ^ ^ is equal to the rectangle ^ ^5 

and the square on ^ ^ and the rectangle are together 

equal to the rectangle ^ ^ ^.!i The square on ^ if? which is 

equal to the' square on ^ is equal to the rectangle 
Why? Because the line ^ touches the smaller circle. The 
rectangles ^ 5^ and ; 5 f 'f- ^ ^ are equal to the square on 


(III IG). t (1. 12). 

$ The angles at ^ being right angles and ^ ^ and IT ^ being equal, sr ^ 
may be proved e€|iial to U' ^ ( 1. 47 ). 

i (LIG). 1 (11.12). 

S ( IIL 35 ). 


Prop. X. p. 138-5. 

Describe' the circle 



!i (11.3). 
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Therefore the squares- ' on ■ ^ ^ and are ,-equaLf 
Therefore ^ ^ and ^ ^ are equal. ■ Therefore the angles ^ ^ 
and ^ ^ ^ are equaL| But the angle ^ ^ ,^3 which is equal 
to- the , angle ^ ^ ^,§ is equal tc the , sum' of the .equal angles 
^ and ^ ^ Therefore the two a-rvgles ^ ^ and ^sf- 
^ ^ made ( with the base if by the two equal sides of the 
triangle ^ |f ^ are each equal to double the angle This was 
just what was wished. 

Prop, XL p, 135-S7, 

Alternative proof. 



Taking: ^ as the center of the circle, draw any radius ^ 

At the point |f make the angle ^ ^ 
equal to the angle at the base of such 
a triangleli (as is described by the 
preceding prop. ). At the point n in 
the .line |f ^ make the angle ' n ^ 
of the same sort.$ Again at the point 
H* in the line ^ |f make the angle ;ffr ^ ^ equal to the same 
angle and at the point u in the line ^ |r make the angle 
^ ^ ^ ( of the same sortj.ff The three angles of a triangle 
are together equal to two right angles.|T The angle at the 
vertex; of the triangle ( described according to IV. 10 ) is equal 
to two fifths of a right angle. The angles made by us are 
( therefore ) each four-fifths of a right angle. The sum of four 
( of these ) angles is equal to three right angles plus one fjfih 


^ (IL 2). 

t ( +2^?r. wcr(ii 12). 
hut + ( 

but ir W = ^ 3T.*. W )“ = { ^ 3T f 

but(^3f 

(...?rwV,=w ^ 

§CL5). %{l.Z'2). 


ii,(L23). $ (I. 23). 

(LS2). 


ft (I 23). 


** {I 23). 
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of a riglit angle. Tlier-efore the remaining angle ^ is ■ 
;eqiial to four-fifths of a rigli angle.'*' Therefore all the ' five. . 
■ angles ( at tlis, point ^ ) are equal Their arcs and chords , are , 
also equalf ; If ■ the chords ^ ^ j ^ ^ ^ and ^ ^ are 

joined, a regular pentagon is formed. This was just what was 
'wished, 

. Prop, XILp. 137-8. . 

Alternative proof. 

Draw the line if is the center). Through the point 

^ draw the tangent ^ ^ At the point 
if ill the line ^ If make the angles 
and ^ if ^ equal to the angle at the vertex 
of the triangle as described in prop. X.| 
Produce the lines if ^ and if ^ so that they 
may meet the line ^ ^ in the points ^ and 
Therefore the angle ff if ^ is equal to 
one-fifth of four right angles. Again make the angles ^ if gf, 

^ c|>> ^ ^ ^'^d ^ if ^ ( each ) equal to the preceding angle 

( ^ if ^ ). The circle shall be divided into five equal parts by 
the five angles. Make the sides equal to if Join ^ ^ ^5 

^ ^ and Then the sides and the angles of the five tri- 

angles are equal to one another. These ( the bases of the tri- 
angles ) together make up a regular pentagon. Again draw 
the perpendiculars if ^5 if if and if These perpendi- 
culars are equal to the radius if Therefore it is clear that 
the sides of the pentagon touch the circumference. 1 I 

Prop. XIII. p. 138-41. 

After the Pro. is proved it is shewn that the lines bisecting 
the angular points of the pentagon meet within the figure. 

Xow the lines by which the angles and ^ are bisected 
shall meet within the regular pentagon. 




(L 15 Cor. and 3 Ax.) 


t ( III. 23 and 28 ). 


9.6 


to tiie. angle ^ g*. 


^ , W line ^ If' is produced, it shall not go^ meeting the 

\ vside^g. If it does meet it; let it meet it in 
point g. Join the lines ^ g and ^ g. Now 
^ \ / W triangles ^ g g and ^ the sides 

\ / lo^ ! ^ ^ ^ equal, the side sf g is common 

to both the triangles, and the two angles at 
■ ^ . are equal ' ■ Therefore the angle ^ g ^ is equal 

to the angle ^ g g. But it is- equal to the angle ^ ^ This- 
;is absnixl Again the line shall not pas.3 through the point 
For if it does pass through it, then produce the lines ^ ^ a-iicl 
^ ■ It can been proved as in the first case that the angle ^ g ^ 

is equal to the angle ^ g Similarly the line shall not meet 
the line g Nor shall it meet the point Therefore the 
line m H sliali p^ss meeting the side ^ g. In the same .way 
the line g n* may be. shewn to meet the side sf g. Therefore 
these two lines and g |f shall meet wdthin the regular 
/pentaR’om 


Alternative proof. 

Bisecting the two adjacent sidesf draw the perpendiculars 
g- ^ If and- g ^ from the points' of bisectioii.| 
/^M\V These two perpendiculars shall meet within 
the regular pentagon. Why? The' perpendi- 
\ I I cular g ifj; if produced, shall go out of the 

h y ^ Y regular pentagon. It shall not meet the side 

d W ^ ^ ' g g. Also the perpendicular g |f' , shall not' 
meet the side ^ g. Therefore these perpendiculars shall meet 
oii.: the, side g w,' '05: shall .meet outside..' Jo.iii '^g and- ' 
,..Now^ because the sides . g g and . . g g are equal and ■ g | is' 
common and the angles,^ at ,g and -g are right angles., it is 
..provecl'^^'d^^^ the: , angles.. ,frg.g.' and ^..g g are' equal. Eitlie'r: 

of these angles is half of an angle of a- regular pentagon. . Again 
i'h -t'he' ,tiiaiigles g and n g.g,.: -the angles' n*' g g.and g.- 


* ^ wbioli is absurd ( ff As. ). 

t(llO). J(1.12). 

^ 5r=fr ff (1. 47 ) <ir ? <t ? ?r- { I. i ). 



are equal THerefore also the mgle |r ^ iS' equal to^ half an 
angle of a regular pentagon. : Again in-the triangles' in’ ^ and 
^ •51 the two angles at ^ and the sides ^ ^ and ^ ^ are ecpial 
to one another ; the side ^ ^ is common to both. Therefore 
the angle ^ ^ ^5 which is less than an angle of a regular penta» 
f/oBj is either equal to the angle ^ ^ ^ or greater than it.'^ This- 
iS' ahsiirti Therefore these two perpendiculars shall meet 
within the pentagon. From the point ^ perpendiculars should 
be drawn on the sides. All these perpendiculars shall be equal 
Then the circle should be inscribed. 

Alternative proof. 

Produce the side ^ ^ to the point ?f. Again on the line bi w 

® draw an arc, having an angle equal to the 
angle ^ Let ^ ff «r ho the are. Bisect. 
^ it ill the point ff.f . Join ^ and ^ Then 
f the angles fr ^ ^ and ff ^ ^ are equal.]: 
Their sum is equal to the angle ssf ^ 

Therefore each is equal to .half an angle' of a-- regular pentagon. 
Therefore the angles ; ^ ^ f and are also- equal to half 

an ' angle of a ' regular pentagon. Join ^ ^ and ^ f . The 
equality of the triangles is clear. Again perpendiculars should 
he drawn on', the sides from the point ■ These perpendiculars 
shall be equal. Inscribe the' circle.'. This .was just" what was- 
wished. ' 


I. a. eqaa:i to or greater than im angle of a regular pentagon. It sbail be 

ct'iual to iiq if tlie point M is on ^ ’3T and greater than it, if W is outside ^ m aS' 
ill' the, figure. , ■ ■ ■ 

( L 5 } V the chords ^ s? and ^ ^ are equal { ill. 28 ). 

§ if ?rrz=: <31 ^ W ( cons ). /, <^ W 31= C^T <«? ’W • 

'31=2 rlylit angles and also the angles of 3r If ^=2 right angl 
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Prop.\XIV.' p.: 141—2;, 

Alternative proof. 



First join ^ ^ and ' ■ Then cir- 
cumscribe a circle round the triangle 
^ ^ This circle shall go roiind 

the pentagon » 


A regular pentagon is divided into : three triangles, Tliere*" 
fore the five angles of the pentagon are equal to the six angles 
of the triangles. Each of these is equal to one right angle plus 
one fifth of a right angle.f Then the angles ^ gfr ^ and ^ ^ ^ 
are each equal to two fifths of a right an gle4 Similary the 
angles ^ ^ ^'and ^ are each two-fifths of a right angle* 
Therefore the angle bt ^ ^ is equal to four-fifths of a right 
angle. This angle together with the angle ^ ^ ^ is equal to 
two right angles*! Again the angles bi ^ ^ and ^ ^ are to- 
gether equal to two right angles. Therefore the circle (de« 
scribed about the triangle ^ ^ ^ ) shall pass through the point 
^.'il If it does not pass through let it be assumed that it shall 
go through the point ^5 cutting the line bt Join ^ Then 
the angle Bif fT ^ is equal to the angle Bi ^ The interior 
angle is equal to the exterior angle. ( This is absurd. There- 
fore the circle shall pass through ^ ). Similarly it may be 
proved that it passes through 

PropXV. p. 142. : 

"„' -' BiL;shews three other ways'*of,inscribin,g ', a regiilar he.xagdn^ 
in a circle. 


( IV. 5 ). 

t f>x90"=5404-r) = 108®, 

' ;t;: ^ bt 32 ana 

ii ( converse ol III, 2,1 ). 
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Let A B C D E F be a' circle. In it inscribe an equilateral 
and equiangular triangle ACE ( IV. 2 ). 
Therefore the arcs A B C, C D E, and E- 
F A are equal to one another ( III. 27 ). 
Bisect each of these arcs (III 29 ), and 
draw the right lines A B, B G, C D, D Es 
E F, and F A. Then the hexagon inscribed 

•shall be regular, 

, TliiS' method is ascribed to Orontius. 



Alternative method. 

Let ABODE he the given circle. Let F be its center. 

Draw any radius F A. Place A B equal 
to a radius in the circle (IV. 1 ). This 
then shall be a side of a regular hexagon 
which shall be inscribed in the circle. 
Join F B. Now because A B is equal to 
F A and it is also equal to F B, therefore 
the triangle A F B is equilateral and is 
therefore equiangular. At the point F in the line B F 
make the angle BFO equal to the angle B F A or to 
FBA (1.23). Join B C. Now because the triangle A- 
B F is equiangular, each of its angles is one-third of two right 
angles. Therefore the angle A F B is one-third of two right 
angles. Therefore the angle B F 0 is also one third of two 
rigM angles. Therefore the angles F B C and F 0 B which 
ail equal to one another (1. 6 ) are each equal to one third of 
two right angles ( I. 32 and 3 Ax ). Therefore the triangle B- 
F 0 is equilateral and equiangular. Again make the angle 0- 
F D equal to the angle B F A or B F G ( L 23 ). Join C D. 
j Then the triangle F C D shall be equilateral and equiangular. 

Since the three angles at the point F are together equal to two 
I right angles, A F D shall be one straight Une ( 1. 14 ), and is 

i ^ 
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the diameter of the circle. If the other serai-circle be divided 
into as many equal parts as the semi-circle A B C D is divided 
into, it shall be divided into as many equilateral and equi- 
angular triangles. Therefore A B is a side of equilateral hexa- 
gon. The hexagon is also equiangular. For half of the whole 
angle B is equal to half of the whole angle C. 

Thus a radius of a circle is a side of a regular hexagon 
inscribed in it. 
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BOOK V. 


144 


!T^!0!^3i;= Two magnH 

= Equal to the less repeated a number of 
, ,, times; a multiple of the less. . 

Divides (it) without a remain-' 

, der ; measures (it).. 

quantities. 

= Ratio. 

= Imertendo, by inversion ; when in four 
proportionals, the second becomes the first, i e. the second 
is to the first as the fourth is to the third.. 

BiL calls it converse proportion by inversion. 

Page 145. 

=p6rmuto%do or alternwndo, by permu- 
tation or alternately ; when in two ratios, the first term in 
the first ratio is to the first in the second as the second 
term in the first is to the second in the second, in other 
words, when there are four proportionals and the first is to 
the third as the second is to the fourth. 

by composition; when the 
first together with the second is to the second as the third 
together with the fourth is to the fourth. 

BiL calls it proportion composed or composition of pro- 
portion. 

t^ of that is, 

when the first is to the first together with the second as 
the third is to the third together with the fourth. 

— by division ; when the excess 

of the first above the second is to the second as the excess 
of the third above the fourth is to the fourth. 

BiL calls it proportion divided or division of proportioBi, 
f: is the reverse.of 
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Ex wqivaK clista%tia ot ex wquOf from 
equality of distance. Bil calls it proportion of equality • 
when' there is a number of magnitudes in one order {^s^- 
) also as many other magnitudes in another 
' order, and . when the magnitudes are proportionals,, when 
taken two and two of each order, and when.' it is inferred 
that the first is to the last of the first order of magni- 
tudes as the first is to the last of the second order of mag- 
nitudes. 

' cequali, or orderty proportion. Bil 

calls it ordinate proportionality. 

fcr«trf%:=BiL calls it inordinate^ proportionality. 

Prop. '3. p. 147. 

srsmarwtft g:#!T gotsftJT = Equimulti- 

pies of the first and the third should be taken. 

Prop. 12 p. 155. 

This Prop, is given as Prop. 13 in TodhimtePs Geometry 
( Vide p. 154-5. ).■ 

Prop. 13 p. 156. 

This Prop, is Prop. 12 in Todhunte/s Geometry ( vide 
' p. 154). 

Prop. 25 p. 170. 

= Add 5g[ g* to both; % e,^ 

and 

^ + ^ + ^ ^ + W W + ^>5f f+f. „ 



103 


BOOK VI. 

Page 171. ■ 

, = Similar. 

The altitude of a figure* 

= straight line cut in extreme and ■ nieait 
ratio. Bil calls this line ‘A line divided by proportion hav- 
ing a mean and two extremes/ 

' Prop I. p. ' 171-3. 

Alternative proof (p. 172-3). 

What is called alternative proof is really speaking the con- 
verse of Prop I. 

Those figures which are to one another as their bases have 
equal altitudes. 

The triangles and are on the base ^ The 

ratio of these triangles is assumed to he 
equal to that of their bases ^ ^sr and 
Then the perpendiculars ^ ^ and 
^ ^ shall be equal to one another. 



If they are not equal, then let ^ g and ^ ^ be assumed to 
he equal. Join ^ and Then the triangles ^ aud 
g- ^ ^ are as their bases g- ^and ^ Thus the ratio of the 
triangle m with the triangles ^ ^ and g ^ is the same. 

Therefore the triangles ^ and- g ^ are ec|ual. , This is 
absurd. Therefore what we required to prove is alone correct. 

V Prop. IL p. I7S-4, ; 

Alternative proof (p. 174 ). 

If the line ^ ^ be parallel to the line g but the ratio of 
the parts ^ ^ and g g be not equal to 
that of the parts ^ ^ and f* then let 
it be equal to that of ^ f and ^ ^ 

:Join -.g ^ and ^ ^ Then it is clear that 

■the triangles If g.f and ^ are equalf 
Tlierefore it can be ascertained by proof 





i ( Alternative proof. VI. 1 ). 
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that, is parallel to ^ .-.Therefore, ^ ^ and ^ ^ are both 
parallel to ^ ^ and therefore parallel to one another. f But they 
meet one another. ■ This is absurd. ' 

Again if .the ratio of BT and ^ ^ be equal to that of ^ ^ 
and but if ^ ^ be not parallel - to ^ then let ^ ^ be as-' 
sumed as parallel to g ir- above-mentioned manner it 

may be proved that the ratio of bc f and if ^ is equal to that of , 
^ ^ and vif. Therefore the ratio of b? f and ^ isf' is equal to ' 
that 'of ^ and fr But the line f is less than There- 
fore f B| is less than fr Bf. This is absurd. What we required, 
to prove is alone correct. 

Prop. III . p. 174-6. 

Alternative proof ( p, 176 ). 

From the point f draw the perpendicular f f on the side 

If and f If on the side b? ^4 Then if the 
two parts of the angle f bi bi be assumed 
equal, then these perpendiculars shall be 
equal Why ? The two angles at the point 
are equal ; the angles at f and ffare right 
angles, and the side bt f is common to both 
the triangles. Therefore the lines f ^ and f |f 
are equal§ altitudes in the triangles f and 
f * Therefore the triangles f bt f and bc Bf f are as their 
sides f Bf and bt Again these triangles are as to their sides 
f f and f ^\}. Therefore the ratio of ^ f and f bt is equal to 
that of f BT and bt bt* 

Again if the ratio be such, then the angle shall be bisected. 
Why ? The ratio of the triangles is equal to that of f f and f « 
BT and also equal to that of f Bf and bt Bf. When f bt and bi b! 
are assumed as bases, the ratio of these triangles shall be equal 
to that of their bases. Therefore the perpendiculars f ^ and 
f If shall be equalS The side bt ^ is common to both the 
triangles. Therefore the angles f'BTf and shall be 

equaL+ 

t(I. SO). t(Ll2}. §(1.26). 

f ( VI. 1 ). II { VI. . 1 ). . ( Alternative proof VI. 1 ). 

4 . ^ ^ ( I. 47 ) and the angles at BT are equal ( I. S ). 




Alternative proof (p. VJi ). 

In the triangles bi w ^ f let the angles b? and ^ he 

^[\ equal to one another, also the angles 

^ ^ and ^ and the angles ^ and f be 

^ . \v another. If the .sides 

Nv ^ f* ^ ^ and ^ ^ ■ 1)0 equal, the remain- ■ 
' 1 '. W' ^ ' ing sides shall also be equal* "and 

what is promised to be proved shall be proved. But if ^ bi w 
aiuJ ^ c| be not equal, let Bf w he assumed to be greater. From 
it cut off ^ ^ equal to ^ Draw the line fr ^ parallel to ' 
Wl’-I Then the triangles ^ ^ gf and ^ ^ shall be equal§ 

^ ^ shall be to as Bf ^ to ^ and ^ ^ shall be fr ^ ^ 

^ ^ to gf ^.|1 But ^ fr Is equal to ^ and- ^ ^ to There- 
fore BTW is to as Big to fg. Again if g ^ be drawn 
parallel to g bi? it can be proved that bi g is to g g as bi W is to 
This is just what was wanted. 

Prop. V. p. 178-9. 

Alternative proof ( p. 178-9 ). 

In this case the figure is the same as in the alternative proof 
^ of the fourth Prop. Let g bi and 

5 g g be two triangles. If their 

/\ sides are equal, what we wish is 

1 / \ ^hey are not equal, let 

■' 1/ L ^ ^ g be greater than g g. CJut off 

^ ^ ‘ g IT W g> g g equal tog g - 

and BC ^ to g f .$ Join ^ g and g Then the ratio of ^ g 
to ^ g which is equal to g g shall be equal to that of gr g to 
g g which is equal to g g. Therefore g ^ shall be to fr g as 
g g to g Therefore the line ^ g shall be parallel to m g.ft 

* (L 26 ), t { I. B). (I. 81 ). 

§ ( I, 26 ), tlie angle IT fr ^ is equal to the angle ^ g g ( L 29 ) and conse- 
quently to the angle g ^ g. 

(VI, 2 ). ( V.'IS). '■ _ 

^ ^ ( Converse of V. 18 )* ' ft C VI* ^ )* 


ft C VI 2 %' 
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In tlie same manner g* ^ may be shown to be parallel ■ to 
Then sf ^ shall be equal to ^ The sides of the triangles 
^ ^ and'^ ^ ^ shall be equal. The angles of the triangles 
^ ^ gf and ^ ^ .shall be. . equalf Therefore the angles of 
the' triangles if ^ ^ and f f f shall be equal. 


Prop, VI. p. 179-80. 

Alternative proof ( p. 179-80 ). 

If the: sides f ^ and ^ be equal to f ^ and ^ then what 
,, ^ we promised to prove is proveci But 
y\ ' ' if they are not equal, let f '^„and ■ ^ f 
/ \ be greater ( than, f.f and Gut 

■ off ^ ^ . equal to f f and m ^ equal to 
f ^4 ^ ^ shall .be .to f as ^ ^ to 

.Therefore, f ^ shall be to g- ^ as if ^ to ^ . Therefore, f f 

and f shall be parallel to one another.1T Therefore the angles 
of the .triangles f w ^ and- ^ ^ ^ shall be equal.||, • 

Prop. VII' p. 180-1. . 



111 th.e preceding Prop. ( Prop. VIL preceding figure ) it is ■' 
'. sSf.' ■ said that the angles and If. may 'be less 
' than" a' right angle or.not.. Tliisis . what, 
mean by it; Let, the. two.. ,triangles: 
\ / \ ^ ^ ^ ^ f ^ be similar ; and acute-' 

angled. Let. f be greater than ^ f f .. 
,From the.,point f , draw the perpendicular f g on m ^.J There-; 
fb,re,',«if,is',greaterthan .Again cut off .f '.^ .equal to,' 

, f .f;ff ' ,:'-:Joiii,f Then f ^ shall be. equal to.f ■Again;in 
the triangles sr ^ ^ and ^ f the. angles at ^ and.^ are equal. 


'^■'qX;34lt.\,-;, ■ 'o.'V; '' t .{. I-29")..'' 

:|: ( 1. 3 ). % ( ConTerse of V. IS }. 

f 1 29 and.! 4 

<3r sf 51 <tlxe angle 3T ^ tf ( I. 32 and 5 Ax, ). 

: ar5I <3T5r(:I.19). . ■ 

tt :{i. s).;::;; : V: ;;frUe)-;; 
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ST ^ is to ^ f as ^ ^ which is equal to g' gr is to These 

two triangles are not similar. Why ? Because the angle ^ ^ gr 
is greater than a right angle,* and the angle f ^ ^ is less than 
a right angle. 

Thus the meaning is that both the remaining angles should 
be acute or obtuse. It will not do if one is acute and the 
other obtuse. 

Again it is said, ‘ let the angle be either an acute angle or 
not.’ It is not said, ‘ let it be an acute or an obtuse ansle.’ 

Why ? Because a right augie is also desired. 

Ill other words, 37T m ' :¥rwg = Eacli of the 

remaining angles may be either less or not less than a right 
angle or one of them may be a right angle. But if the ex- 
pression were used in place 

of ^ ^*^5 i?r right angles would have 

been excluded^ each of the remaining angles would, in that 
case, have to be taken as either acute or obtuse. 

Prop, VIII p. 181-2, 

P‘ 182 = From this Prop, it follows 
that the perpendicular ( drawn from the right angle of a right- 
angled triangle ) is a mean proportional between the segments 
cfthe base, and that each of the sides is a mean proportional 
between the base and the segment of the base adjacent to 
'that side. 

' = Segments, of the base. , ^ 


Prop. IX. p. 182-3. ■ . 

This. 'is Prop. .XIII. in English Books, in .Bib. and in (Ireg. 


Alternative proof ( p. 182). 

( Take tivo uiiecpial lines ). Let one line be placed on the 
other. Making the larger line a diame- 
ter, describe a semi-circle. From the end 
of the smaller line draw a perpendicular 
meeting the circumference. Draw an* 
other line from Ihe point where:ihe:'p 



( 1 . 16 ). 


;.¥o 


peiidicuIaiMoeets the circumference to the end of the line. This, 
line shall be the required line. This is evident from the pre- 
ceding figure of the proposition. 

^ is the greater line and the smaller line being placed : 
on ^ ^ stands as ^ Complete the figure ' as shewn in the 
text. Then is to ^ ^ as ^ ^ to ^ w (VI. 8 Cor. ), Thus 
^ ^ is the mean proportional between ^ ^ and ^ ^ or the 
smaller line.. ,, 

Another alteiniative proof, ( p. 182-3 ). 

Assuming the difference of the two lines as w describe a , 

semi-circle. Let it ^be ^ ^ 
From the point ^ draw the 
tangent ^ This line shall be 
a mean proportional between the 


Then the angles ^ ^ ^ and ^ ^ f 
are, each, a right angle.; From these take away the angle 
^ Then the remaining angles ^ ^ ^ and ^ shall be 

equal. Also tbe angles f ^ ^ and 5 ^ ^ are equal. Therefore 
in the triangles ^ ^ ^ and ^ ^ ^3 the angle ^ is common, and 
the angles ^ ^ ^ and ?jf ^ ^ are equal. Then the angles ^ ^ ^ 
and ^ ^ shall also be equal.§ Therefore the ratio of ^ 

^ ^ shall be equal to that of ^ to ^ 

From this proposition it follows that if the perpendicular 
drawn from the point where two lines meet be the mean pro- 
portional between the two lines, then the semi-circle that 
can be drawn with the sum of the two lines as diameter shall 
meet the end of the perpendicular. 

■■■:Prop.::.X'.'p.: 183-4‘ ■ . 

This is Prop. XI, in English books, BiL cand Greg. 

( HI. If; ). t ^ is the center of the circle, 

t { ] II 30, aiifl 17 ). § { I 32 and 3 Ax. ) ( VI. 4 ). 



Proof. 

Join ^ g?, f and ^ f .f 
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Alteriiative proof ( p. 183-4 ). 

Let a right angle be formed by the two given lines. Let it 
be Draw the hypotenuse ^ Describe 
the semi-circle ^ From the point ^ 

draw the perpendicular ^ on the line ^ 
Produce the line ^ ai so as to meet the line 
^ ^ in the point Then ^ ^ shall be the 
required line. How ? Because the perpendi- 
cular ^ ^ is drawn from the right angle ^ 
on the hypotenuse. Therefore the ratio of 
^ ^ to shall be equal to that of ^ to 

Another alternative proof ( p. 184 ). 

Describe a semi-circle gf ^ ^ on the greater line. Draw the 
chord ^ ^ equal to the smaller line. From 
the point ^ draw the perpendicular ^ on 
the line ^ ^>1 Then ^ ^ shall be the 
required line. This is evident from what is 
stated above.| 

Prop. XL p. 184-5, ■' 

This is Prop. XIL in English books, BiL and Greg. 
Alternative proof ( p. 185 ). 

Let the first line and the second line be ^ ^ and b? Let 
^ them meet in the point ^ so that the 
angle ^ ^ ^ may he formed. Join the 
line ^ ; 5 f. Let ^ ^ be the third line. 
Let it be placed on ^ From the 
point draw the line ^ f parallel to 
the line ^ m* Then ^ ^ shall be the line we want.^i 

Prop. XIL p. 185-C>. 

(I. li !' ( VJ. SGor.). i (L 12). 

§ If 31 ^ ib juioetl, ¥ 3T ^ shall be a right-angled triangle. Therefore ^ ^ 
shall be to W 31 as ^ 31 is to^Wi VI. S Cor. ). ' 






3f f ? if:: 31 f : f 3r ( VI. 2 ) .% ST ; 3T ^ 3? ^T: 31 ^ ( V. 

31 W: 3T ^ 31 3r f ( V. 16 ). 


IS ) 


110 


This is Prop. IX. ia English books, Bil. and Greg, 
xHternative proof of trisecting a line ( p. 185“6 ), 


Take a line ^ ^ and upon it describe the equilateral triangle 


Bisect the, angles ^ aiid^^ by 
lines meeting in the point Bisect the 

angle ^ ^ ^ by the line ^ f 5 and the angles 
^^^and by bnes and 

Then the line ^ ^ is trisected in the ' points 
^ and 



Proof. 


An angle of an equilateral triangle is equal to two-thirds of 
a right angle. Therefore the angles ^ si ^ and ^ are each 
one-third of a right angle. Then the angle ^ ^ ^ is equal to 
one right angle together with a third part of it. Again the 
angles ^ ^ ^ and g ^ ^ are each equal to one third of a right 
angle. The angles ^ ^ ^ and ^ sr are equal to one another. 
Therefore ^ ^ and ^ ^ are equal to one another.| Similarly 
the lines ^ ^ and ^ ^ are equal to one another. Again the 
sum of the angles ^ and ^ ^ ^ H* ) and of the angles ^ and ^ 

( sr ^ ^ ) is equal to two thirds of a right angle. Therefore the 
angle ^ ^ is equal to two thirds of a right angie.f Then the 
angles ^5 ^ and ^ are each equal to two thirds of a right 
angie.il Therefore the sides ^ ^5 ^ ^5 and ^ ^ are equal. But 
^ is equal to ^ ^ and ^ ^ to Therefore ^ and 

^ ^ are equal This is just wdiat -we wanted. 

It m?^y be noted that though the enunciation states 
, particular case only, viz, is, given 

in the book. 

186-7. 

; : This is Prop. ^'X. in English books, Bil, and Greg.' ,, 

: Prop. XV. p. 188-'9..',,,,,v 

f (I. 82 'anU 3 4,x.). 


" (I. D- 
§ (I.O). 


: ( -t n ). 

11 (1.32), 



Ill 


Altemative proof ( p. 188-9 ). 

Assume the angles st and ^ of the triangles sr sT and ^ sr 

to he equal. If the sides gr g 
and ^ ^ be equal, then what we 
want is evident. Because the 
two triangles are equal. Be- 
ng equal, the sides gj gj and ^ ^ 
shall be equal. How? If the side si ^ be placed on the side 
^ ^ and the angle ( ®f ) on the angle (^)5 if the side «r does 
not fall on the side ^ then it must be greater or smaller. 
Therefore if the sides ar gr and ^ ft be equal, then the same 
ratio shall be arrived at.* 

Again if the sides be in this ratio, then gj gr and fr shall 
be equal and the two triangles shall also be equal. 

But if the sides sr ^ and ^ f be unequal, let s{ g be the 
greater of the two. Cut off sj ^ equal to ^ f from gj Join 
^ 3r- Then if the two triangles be equal, then the side fr 
must be greater than the side gi Why ? Because if it be 
equal to it or less than it, the triangle f f? shall be less than 
the triangle gisf ST. Again make gj ?r equal to ^ Join 
the lines ?r g and g g. Then the triangle gj g g shall be equal 
to the triangle g f IT and also to the triangle gr g g. ( There- 
fore the triangles gr g and g? g g shall be equal to one an- 
other). From these take away the triangle gr g Sf. Then 
there remain equal triangles g g g and ggsr- Therefore the 
line g g shall be parallel to g g.| H 

Again if the two ratios be equal, then the line gr g, which is 
equal to g g, shall be less than the line gr g. Then the line 
gr gr shall be less than ^ Complete the figure. Then by 
the equality of the two ratios it is clear that the triangles g- 


tiLS). FCLS)- 

gg: gg { VI. 2) .-. gg: g sr ; : 3r(V. loj 


* ( VI. i ). 


31 



im 

^ and/ ^ ^ are equal;^*' Add the triangle, 3? g* Then 
the equality of the triangles shall he evident. 

Prop.,XVIILp. 191-2.' ' 

This is Prop. XIX. in English books, BiL and Greg. 

Alternative proof (p. 191-2). 

If ^ be equal to ^ ^5 the two triangles shall be equal.f 

■ This is evident. , But if they are 
not equal, let ^ ^ be less than 
^ From ^ ^ cut off ^ ^ equal 
\ to ^^4 Cut off equal to 
\ f If.l Take a third proportional 
^ ?r W c|j to these two sides.f Join 

the lines ^ ;sr 5 W ^ ^ and ^ The ratio of ^ ^ to g ^ 
being equal to that of ^ ^ to ^ it is evident that the lines 

^ ^ and ^ ^ are parallelll ' The equality of the triangles ^ ^ ^ 
and ^ ^ ^sr is proved.S But the triangle ^ g g* is equal to the 
triangle ^ ^ The ratio of the triangles and 

is equal to that of ^ to ^ t Therefore the ratio of the 
triangles and ^ ^ is equal to that of ^ w to This 

ratio shall be equal to the duplicate ratio of ^ ^ to ^ This 
is just what we wished. 

Prop. XIX, p. 192. 

This is Prop. XX. in English books, Bil. and Greg. 

Prop. XX. p. 193. 

This is Prop, XVIIL in English books, Bil. and Greg. 

//o::Prop. /XXIII.. pa 

This is Prop. XXIV. in English books, Bil., and Greg. 

Prop. XXIV, p. 195-a „ 

This is Prop. XXVI. in English books, Bii., and Greg. 

* (VI. 2 and I. 37 ). 

t(i.3). ^(r-S). 

cvl- a).- / • :■: /■;■ - /^ 

*■* A ? « ? f IT. I t ( VI, i. ). 



« ( VI. 10). 
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Prop. XXy.,p.. 196. ■ 

This is Prop# XXIII. in Eaglisli books, Bil., and Greg. 

Prop. XXVI. p. 196.67.' 

This is Prop. XXV. ia English books,. BiL, and Greg. 

Prop. XXVII p. 197-98. 

Propositions XXVIL, XXVIII.^ and XXIX* are omitted in 
English books, ' as they appear now to be never required', and 
have been condemned as useless by various modern corn* 
Bientators.* 

They are given in' BiL and Greg. 

If a parallelogram be described upon half the given line, and 
if upon a greater part of the line a parallelogram is so described 
that the figure on the remaining part of the line may be 
similar to it, then the figure on half the line shall be greater 
than that on the greater part. 


Let ^ w be the given line. Bisect it in Apply the paral- 


T ' 

tf 








<3f ^ 

f ^ ^ 


plete the figure ^ Let ^ ^ be 
the greater part of the line ^ On 
it describe ^ ^ so that the figure on 
the remaining part, viz, ^ may be similar to ^ ff. Then 
the figure w it stall be greater than ^ 


Proof. 


Join the diagonal ^ if. Now the figure ^ ^ is equal to gp 
^ 'if, is greater than n ' Therefore ^ g- is greater than 

But n is equal to ssr, Therefore f* ^ is greater . than 
Add ^ to if 5^. The 'result is the' ..figure ^ Again add 
The result shall be the figure ^ Tf* This is the 
figure on half the line. This shall be greater than the figure 
on the greater part This is just what was wished. 

This Prop, contains a theorem relating to the theory of 
maxima and minima* 


(I.S6). 


t(1.43). 
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Mf a parallelogram is divided into two by a straight Hue 
cutting the base^ and if on half the base another parallelogram 
be constructed similar to one of those parts, then this third 
parallelogram is greater than the other part.' 

Prop. XXVIII p, 198.a 

On a part of a given line to describe a parallelogram that 
shall be equal to a given rectilineal figure, so that the figure 
produced on the other part shall be similar to another given 
figure. The figure, to which- the parallelogram is to be made 
equal, shall not be greater than the figure formed on half the 
line, which should be similar to the given figure. 

■ Let ^ ^ be the given line. Let be the figure to wdiich 


TT Tf q; 




an equal figure is to be constructed. Let ^ ^ be the given 
similar parallelogram.^ Now on a part of the line sf w ^P^^ral- 
lelogram equal to is to he constructed, so that the figure 
produced on the other part may be similar to the figure ^ 
Bisect On ^^5 describe the figure similar to ^^ 4 -' 

Complete the figure ^ g*. If ^ ^ be equal to what we want 
is proved. But if be greater than let «f if be equal to 
the difference between ^ uf ai^d ^i^d similar to ^ if. The 
figures ^ ^ and «f similar to ^ ^ shall he similar to one 
another,! The angle ^ is assumed to be equal to g*. The side 
If is similar to the side ^ Cut off’ ^ 53* equal to ^ and 
'U'il equal to ^ Draw, f|- parallel to ^ : ancl,^ 
parallel to ^ Join ■the diagonal ^ Then shall he 
. the figure required. 

, ■; -L's. the .pa-rallelogram to which the defect of .tli6\, parallelogram on ' ..-the: 

greater part of the given line is to be similar, 

■^ ■ 't - ^ ,t, (VL20P 

(L 31.: 







115 


Proof. 

?? JT, OQual to if ifj is equal to the difference between af ff, 
wliicli is equal to if and 51. Therefore the figure ifj 
equal to af shall he equal to at- Therefore the figure ar % 
is constructed on the part Sf ^ of the line ai ^ and is equal to 
3 f. The figure ^ s^, formed on the other part is similar 
to the figure ^ ff. This is just what we wished. 

Prop XXIX. p. 199-201. 

Upon a right line of which the given line forms a part to draw 
a parallelogram which shall be equal to a given rectilineal 
figure so that the figure oh the excess of the line over the given 
line shall be similar to another equilateral quadrilatex’al figure. 

Let SI w be the given line. Let 31 be the figure to which an 



^ 



\ 

A . 





^ T 


equal figure is to be drawn. Let ^ n be a similar parallelo- 
gram.f It is required to apply to the line sr ^ a parallelogram 
equal to the figure sf so that si ^ may become a part of a side 
of it. On the excess of that side over si g' the figure described 
shall be similar to the figure ^ ff. 


Bisect sr ^ in g-.| On ^ er describe the figure sr ^ similar . 
to ^ fr|. Describe the figure liT ^ equal to the .sum of the 
figures ^ and sf ^ so that it may he similar to ^ ^.*1 Then 
the figures and gr ^ shall be similar to one another.!! 

Assume the angles ^ and gr to be equal and the sides ^ sr and 
? ^ to he similar. Produce the side gr ef®® that ff ?r maybe 


U=ur f , add n 51=31 add 

. , : , If ir=55r ' AcM ^ ^ 

gnomon 

t I. e. a parallelogram \vhich shall be similar to the ligure on tlic excess of 
the line over the given line. 

til. iO). § ( VI. -iO ). 1 ( VI. 2G ). I ( VI. 21 ). 
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equal to f Produce also the side ^ ^ so that g- ^ may he 
equal to f ■ Again' from ' the points. ^ ' and ^ draw if and' 
^ ^ parallel to ^ ^ and ^ Complete the figure. .Then,^. 
q* shall be the figure required. 

Proof. 

The figure ^ is equal to the figure ^ ^ and is equal to 
the sum of the figures ^ and g- f Therefore ( the gnomon ) 
W ^ which is equal to ^ shall be equal to .the fi,giire , 
There remains the figure similar to the ' figure ^ This 
is what' is wanted. 

Alternative proof. 

It is required to construct a parallelogram equal to the 
figure ^ on the line ^ ^ so that on the excess of a side- of it 
over ^ there may be formed a' figure similar to ^ 

Besict ^ ;^:in On ^ ^ describe the figure ^ ^ similar to 
^ ^.§ Complete the figure . Now the side of the figure 


K 2 . 



W IT ^ ^ 


which is to be constructed is either greater or less than ^ 

If it be less, it is evident that the figure must be greater 
than the figure ^ If the figure ^ be equal to to ^ tlien 
the required figure is constructed. But if it is not so, let ^ ^ 
be the difierence between the ( required ) figure and If the 
side is to be greater than the line a? then take the sum of 
both ( ^ ^ and ^ ). ■ Draw' the figure ^ sp similar to ^ f , equal 
to the difference or the sum ( of ^ ^ and ^ ).*1 This figure, 
shall be similar to sr cr.jl Let the angles ^ and ^ be equal 
and the sides gr ^ and |r.^ bo. .similar. Therefore riiake-^ il' 

■ I. m 

Again 

becaiise^^=Wir (L (I. 43). add I" 5f. /.3I- 

:t ( 1. 10 ). § ( YL 20 ). , , f „( VL 26 ). |1 ( VI. 21 ). 
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equal to ?r> and g' ft to ^ eg* Draw the lines ^ and ?f Iff 
parallel to the sides of the figure ^ Then the figure ST ’S 
shall he equal to and the figure ^ ^ ?si, which is formed on 
the difference between the side of the figure ar ^ and the line 
gl shall be similar to ^ f . 

Ifthe figure to be constructed is required to be a square, 
i then bisect si ^ in If the figure ^ is equal to the square on 

; jjaif the line bisected, and the side is less than the line, then 

on half the line there shall be the square required. But if the 
ficrure 31 is not equal to it, then describe a square equal to the 
' difference between the square on half of si ^ and 31 . If the 

: side is required to be greater than the line, then describe a 

' square equal to the sum of both ( the square on half si ^ and 

I 51 ). Again describe a square and cut off from half the line ai- 

5 a portion equal to a side of the square. Let it be ^ W 
the side is less than half the line, then do so. But ifi it be 
greater, then add ^ ^ to half the line. Then a figure equal to 
j the rectangle si f . ^ ^ shall be the required figure. Why ? 

s' Because the difference between the rectangle sr f . f ^ and the 

square on ^ ^ shall be the square on ^ f and the difference 
between the rectangle sii^. f g- and the square ^ f shall be 
the square on ^ 

Prop. 28 and 29 contain problems which may be said to be 
‘ solutions of quadratic equations. They come to what follows: — 

I “To describe on a given base a parallelogram and to divide 
I it either internally ( Prop. 28 ) or externally ( Prop. 29 ) from 

j a point on the base into two parallelograms of which the one 

* has a given size ( is equal in area to a given figure ) while the 

] other has a given shape ( is similar to a given parallelogram )• 

' If we express this in symbols, calling the given base a, the 
one part a', and the altitude y, we have to determine so and y 
in the first case from the equations. 

(a-x)y=k^ 

X _p 

y 

1 1, s. ). 
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■ F being the given size of the first, and p and q the base and 
altitude of the parallelogram which determine the shape of the 
second of the required parallelograms. 

If we substitute the value of y we get 

<«-x)x=E- 

or 

ax-x^=b" 

Where a and ?rai’e known- quantities, taking 5^ =2™ 

The second case ( Prop, 29 ) gives rise in the same manner 
to' the quadratic 

ax+x'-bl" 

( Vide EncjmlopjBdia Britanniea p, 376 ). 

Prop. XXX. p. 201-2. 

Tt leads to the equation- ax + x^ = a^. It is only a special case 
of the last and an old acquaintance, the same problem as pro- 
posed in Book IL Prop. XI/ 

Prop. XXXL p. 202-3. 

This is Prop. XXXII. in English books, Bil, and Greg. 

Prop. XXXII. p. 203-4. 

This is Prop. XXXL , in, English books, BiL, and Greg. 



APPENDIX. 


Collation of the Ms. ( V. ) of the Eekhlganita in 
the Benares Sanskrit College Library, the one copied 
by Lokamani under instructions from Jayasiiiiha. 




BOOK I. 


The Ms. begins with Ml’: and gives the 

following as the first two verses: — 





Page 1 L. 9 The 


notices 


another reading. 
L. 11 The Ms. notices 
reading. 


as another 




Page 2 L. 2 JTfl^ ?r4r II 
5, L. 5 

Page 8 L. 1 3T«r ^FiroRfJ^ i 

L. 2 3ISI I sjw g^^«3?Fn: 

L. 3 II 

L. 5 ^ 

L. 7 I fn: i 

TTt M I 

L. 10-11 f ^ i 

L. 12-13 M ^ ^ iwJliM wiW 

L. 15 The Ms. drops apw i 
L. 17 fT #“i: i 

L, 18 ?r3?#irr i sr4 ?OT#3Tii6[3T€tW5j':iJ3;, i 

L. 19 STWfT: I 




^9 

9 > 
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Page 4 L. 4 l 

„ L. 5 1%^?I#JI: gT55^€I«TT ^ I 

,, L. 7 %5RTfg^ I 

j, L. 8 The Ms. drops 

„ L. 11-12 ^ JTT 

sff^r ?r|^ Iwq^ i 

Page 5 L. 1 JTS3Tf%7|: 

„ L. 2 for W^. 

„ L. 4 ^ vR[^ q#?i^ 

,, L. 10 Brg# 

„ L. 11 cRifsrsw ?w#5i'’ 

„ L. 12 2it#° 


Page 6 L. 

1 The Ms. drops 


¥R?i, ! 

1-j. 

3 3Tsr =5 4>R^gawftr 1 

« L. 

5 sfsr ^ ?F553^ip5f m: ?rjfr!f. 

M L. 

6 sTprd 1 

» L. 

7 The Ms. drops 


?W° 

Page 7 L. 

1-2 fifTO^ 1 

» L. 

6 gw 

„ L. 

7 1 — 

„ L. 

8-14 


The word ^l% is corrected into al- 
through. 

Page 7 L. 11-12 The Ms. drops and srftr. 

„ L. 13 ^ ^TRW; 

„ L. 16 Ir #iTfif 

„ L. I7%sf7 ^ 

„ L, 18 ^ 

„ L. 19 Jti%^ 

Page 8 L. iThe Ms. drops srs?’- 

„ L, 2 '’■•q^ra® f%f ^Tct 1 



Page 




8 L. 

L. 

L. 

L. 


5 % f%|: 

8 ^ SOTRI: 

9 3f«T 

11 The Ms. has the words OTJTFcTt 
struck off. 


pp 

L. 

13 mm 

$p 

L. 20 is dropped. 

Page 

9L. 

2 f|#f is dropped. 


L. 

4 is dropped. 

?r 

L. 

5 tTfr[5r is dropped. 


L. 

5 STRT ! 

99 

L. 

7 3?if is dropped. 


L. 

8 1 f 1 Sfsr" 

J5 

L. 

9 gJR^is omitted. 


L. 12 ?T5r is dropped. 

?? 

L. 

14 ^ 

99 

L. 

18 is dropped. 


L. 

19 S^RL^is dropped. 


Page 


n 

P} 

y? 


Page 


Page 


10 L. 

L. 

L. 

L. 

L. 

L. 

L. 

L. 

L. 

L. 

11 L. 
L. 

11 L, 

L. 


■t « M 1 1 - S U \N» ^ 

2 cTW is dropped; ^ ^.. ,. 

3 ^ and gff^are dropped. 

4 ^ is dropped. 

8 %fl. is omitted. 

9 IW is dropped. 

10 

13 
16 
19 

5 ?rjn#i' for 

10-11 is dropped. ^zilRifor and 

12 cl^l is omitted. 

14 for #!r^. 


99 
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Pag'8 11 L. 15 cTW is dropped. 

L. 16-17 WA is dropped. 

„ L. 20 sTigi^r ^'^3=51 ifer i 

Page 12 L. 9 fT: is dropped. 

5 , L. 13 ?rir is dropped. 

„ L. l7 =g is dropped. 

„ L. 20 rr^ is dropped. 

„ L. 22-24 g^r: and tt# are dropped. 

Page 13 L. 1 bm 

,5 L. 5 is dropped. 

„ L. 8 I 

„ L. 10 is dropped. 

„ L. 13 II 

„ L. 14^%^! 

„ L. 15 wg# 

„ L. 16 ?r ii 

Page ! 4 L, 2-3 sr^r =5 is dropped. 

Page 14 L. 4 is dropped. 

„ L, 10 3Tsn5?RrasH;i 

„ L. 21 is omitted. 

Page 15 L. 8 > 

„ L. 17 

„ L. 21 ¥i%^ for 

Page 16 L, 2 ^ I 
L. 11 

L 12 gw is dropped. 

„ L. 21 

Pagel7L. 9 

,, L. 15-16 : ^ 

Page 18 L. 12 5 ?r: is dropped. 
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Page 18 L. 14 I 

, , L. 17 

Page 19 L. 4 ^ is dropped. 

„ L. 6-7 and are dropped. 

L. 8 is dropped. 

Page 20 L. 2-3 m is dropped. 

,, L. 8 ^ is omitted. 

L. 10-11 3T«r and are omitted. 

„ L, 12 is omitted. 

„ L. 18 

The enunciation of Prop. 14 is given as noted 
in the foot-page on p. 20 _&c. 

and the enunciation in our text is noticed 

in the margin. 

Page 21 L. S ^ is dropped. 

L. 5-6 ^ and m are omitted. 

L. 8 'jfll'r is dropped. 

L. 11 is dropped. 

„ L. 20-1 3T^ and are dropped. ^\W^- 

„ L. 22v3fTcra;is dropped. 

Pao-e22L. 1 is omitted. 

,t L. 5 

L. 8 and 12 is omitted, 

L. 12 ^ is dropped. 

L. 13 is dropped. ^ ^ ^ 

/, L. 17-18 is omitted.^ ^ ^ ^ ^ 

P3cce 23 L. 7 for ' 

° L. 12 !gf: is omitted. 

” V pi 1445 
L. 17 sr 

L, 18 3?%^ dropped. 
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Page 23 L. 19 for I 
„ L. 20 is dropped. 

Page 24 L. 4 is dropped. 

„ L. 5 for 

,, L. 10 °a^RRRW. 

„ L. 11-12 is dropped, 

„ L. 14-15 ?iiK% 

L. 17 is dropped. 

„ L. 18 

Page 25 L. 1 for 

„ L. 18 for 3T#r7f^:. 

„ L. 20-21 =3[ is dropped. 

„ L. 23-24 ii 

Page 26 L. 9 The sentence beginning with is 

omitted. 


Page ! 

, o 

Page : 


L. 11 3 ?ri%i%^ ^ i3:#T35Ei^ for g?r: spsrrrji i 
L. 12 cf^ is dropped. 

L, IS ^ I 

L. 15 is dropped. 

L. 17 crST^^TW I 

L, 18 p: is dropped. g[^3T€i>3i: J 

L. 19 3r3T5[^'^: ^roTT. 

L, 20 The Ms. drops from to i 
L. 24 is dropped ! 

' L. 21 

5 L. 4 ^®r3Tf#Jt 

L. 5 ^ ^rrf^fcrq, I 
L. 11 crf| is omitted. 

L. 13 3^: 3i|r^r 353 W3 1 

W3.! 


L. 21 % 3 and cfW are omitted. 

L. 24 The Ms, notices also. 
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Page29 L. 11-12 I 

^ jjsfi: eE5q#Tf; | 

5T«r[ 51% S^: I 

„ L. 13 ^ is dropped. 

„ L. 18 s?r\is dropped. 

„ L. 20 ?r?r is omitted, for is 

X> ^'x 

dropped. 

„ L. 21 cf^r is dropped. 

Page SOL. 1 ^ and are dropped. 

,, L. 3 3TSI is omitted. 

„ L. 4-6 ¥icff^ i ^ I <it3qTr2n ^nP^cwfer 

1 sw: 

„ L. 17 Trg is dropped. 

„ L. 19 is di’opped. 


Page 31 L. 11 for 

„ L. 18 =%% is omitted. 

„ L. 19 8?% is dropped. 

„ L. 22 1 3T5r ^ ^fsni I 

Page 32 L. 1 is dropped. 

„ L. 7 ggij, and sir% are dropped. 

,, L. 8 8?% is dropped. 

,, L. 10 8T?i \ 

„ L. 18-19 ^ cr^’T^Tcfq; i ^\ffT ^ wt is 

dropped. 

„ L, 20-1 3^. 

„ L, 22-3 1 and are omitted. 

Page 38 L. 2 =g is dropped. 

„ L. 7sisrF^- 


„ L. 18 i 

„ L. 19 

Page 34 L. 1 f i The Ms. also notices the 


reading of the text. 
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Page 34 L. 2 ?rw is dropped, 

L. 4 is dropped. 

„ L. 7 STSiW is dropped. 

,/ L, 8 =g is dropped- 

„ L. 10 fc# is omitted, 

,, L. 11-12 s 

„ L. 13 8i#PT^: is omitted. 

„ L, 14 =5r is dropped. 

„ L. 19 

Page 35 L. 7 The Ms. adds 5t5?i|Tfs^ after 

„ L. 16 for 

Page 37 L. 3 i 

Page 39 L. 13-14 i i 

Page 40 L. 10 =^'4 \ 


Page 41 L- 


.20 

12 3l4WfT:. 


Page 42 L- 


Page 43 L. 
Page 44 L. 


Page 45 L. 
Page 46 L, 
,, .L. 

„ L. 

^ : L. 

Page 47 L, 


14 5Ecr: is dropped. 

19 is dropped. 

21 g is dropped. 

6 f|^q55T4sft[. 

8-9 dT ¥!q^. 

24 

In the figure on p. 42, the line am is 
between and 

8 ^4r. 

8 is dropped. 

24 :srf¥^ for srsf^ 

16 

4 I 

6 ^?grgqTr!Tf 

19 

20 
1 1 
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Paafe 48 L. 

L. 

L. 

Page 49 L. 

„ ' L. 

Page 50 L. 
„ L. 

„ L. 

Page 52 L. 

Page 53 L. 

T 

Page 54 L. 
n L. 

„ L. 

Page 55 L. 
L 

5 5 XJ* 

„ L. 

. L. 

55 L. 

Page 56 L. 
Page 58 L. 
Page 59 L. 

: » L. 

5j L. 

Pr 

Page 61 L. 

« L. 

Page 62 L. 
L. 

',5 L. 

55 Xj « 


9-10 ^3fr 

17 5tqTcl: 

21-22 

8-9 

20 

10 ^ I 

19 °%ra^: 

25 

1 g^r: is dropped. 

13 The Ms. inserts sir^ after 

14 The Ms. drops 3T:^^p#iq' 

I 



12 ^ 

3 % is dropped. 

21 t =^it^ ^3TI^ 

23 3Tsngf^5r%^ 

25 ^ ?riT^ ^ wr: 

5 for^^r 

15-16 omitted. 3T^Ri#«T: 

18 is dropped. 

■om p. 60 to L. 18 p. 61 missing. 
18 15^ is dropped. 

2 is dropped. 

3 2T5?T5rf^tg ?s£nfetT 

4 gw for g^ 



Page 63 L. 1 p: 

,, L. 13 =s[ 

Page64L. 12 5irail. is dropped. 

Page 66 L. 10 g?rif HfTci. 

Page 67 L. 3 for IcgW^Jl, 1 
L. 9 for 

L. 20 |i% reiii, is dropped. 

Page 68 L. 7 is dropped. 

„ L. 12 i 

„ L. 14 1%#^% for Rf^ ^ 

„ L. 17 ^T^wsfor ^ and ^ is dropped. 


}> 

V 


Page 69 L. 1 g^T^is dropped* 

„ L. 13 %i.is dropped. 

„ L, 18 g?r: a^iKFcRiI. 1 
Page 70 L. 7 for 
Page 71 L, 1 jfwi^ETd 
Page 73 L. 6 is dropped. 

„ L, 12-13 

Page 74 L. 8 IriTT^ I 

Page 75 L, 1 ?nf% ?r?5T^ is dropped. 

L, 6 is dropped. 

„ L. 15-16 I 

„ L. 17 is omitted. 

Page 76 L. 21 ^4 ^nra: 

Page 77 L. 20 °=5igt^ra: 5 pgJR%^ 3 ?fi 30 TTO 4 ^qpEitsr: 
Page 78 L. 15 ®f^553:^: 

„ L. 22 t 

From P. 79 to L, 16 p. 93 wanting. 



Page 93 L. 21 i ■ 

Page 94 L. 2 sisT?T^^re5q[ 

„ L. 3 is omitted. 

„ L. 4 fGi' ?r?Ti#, 

„ L. 14 

,, L. 18-19 ^^rni, is omitted. 

Page 95 L. 1 for ^m. Notices a]s<'.. 

„ L. 8 R^qjfs^rt 

,, L. 10 for 

,, ,L. 14 

Page 96 L, 7 cf^ 

„ L. 16 for ptpt #ni i 

,, L. 23-24 IkT: fT^ =q ?TJT- 

#115^ ^T?#Rrfq^%^qf^fr5n^n'i^^fefiin 

Page 97 L. 3 The Ms. adds ^q'{?r after Jf •■•m: I 

„ L- 17 sifhqr?!^ is omitted. 

Page 98 L. 2 

„ L. 16 

Page 99 L. 2 for wf 
L, 12 for 

,. L. 15 s{«r for srf^. for and qsRi for 

„ L. 23 ST^rSTT^I^^ 

Page 100 L. 10 ^R'r for wk.) 3Tra^ i wm i 
L. 19 

Page 101 P. 3 ^Rt 

T, L. 10 for 

Page 102 L, 14 a^r ^qfRRJaJl 
L. 18 

L, 22-23 '511^ for pwrt 5trar 



Page 103 L. 1 

,, L. 24 p: 

Page 104 L. 6 51^*1 

„ L. 25 dWrRq ^STl^IRT 

Page 105 L. 1 for 
„ L. 20 3T^ 

Pag-e 106 L. 3 ®R#l'7%: 

4 arrlrai 5#?^ 

2 for 

3 grradH, is noted in the margin after 

7 for 

L. 11 
L. 18 

L, 14 
L, 23 3T«r 
„ L. 24 

Page 110 L. 5 #Tf53fr for 
„ L. 12 gff: a^RRTtJj, 

„ L. 15 for It 

is mai'ginally noted. 

Page 111 L, 12 

L. 21 3T%#Hfei 
L. 7 ^i^n for 

The portion from E. 12 

P. 112 to efcT'’ L, 11 P. 127 is wanting 
in the Ms. 

Page 127 L. 16 3?^ ^#sRra5a^ 

Page 128 L, 21 apr 
Page 129 L.17 3 !T:to^P^ 

Page 130 L, 12-13 


Page 107 L, 
Page lOS L. 

I L. 

L. 


Page 109 


?9 

>? 



JJ 


Page 112 


133 


Page 131 L. 1 3??? qiiRrq;55J3; 

133 L. 1 3TSq^55II 
L. 9 "sqRrrf fcqr 
L. 10 3T*T 
L. 18 3Tsir 

134 L. ir 9 TSRT 

135 L. 11 
L. 23 

Pao’e 136 L. 13 g^r: 

L. 1 5 ^q: 

ISr 3-1. 3 for %5rq; 

138 L, 2 ?[qr: 

L. 12 

L. 1 3 3Tsr 5n 
L. 22 

139 L. 23 3R^ qqiiq'q 
141 L. 2 i^qrwiqj^Jl is omitted, 

L, 4 ifff^qrfer is adopted and 
is struck off. 

L. 19 am 5^qmrq 

3-i, 21 sfq qirsqr sgfqm; 

143 L, 13 ^WTH-' is omitted. 

L. 3 ?T5r qsfjqqRvK for ?j?r q«rq qRwqt 

,, L. 6-7 from to »Tqfq omitted. 

The Ms. has in the margin ( on p. 89 of 
the Ms. ) qqqmPiWW # < 

% ' <fil T qi < !q R55Fr 

Payc 144 L. 20 IrqT 
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134 


Page 145 L. II 

„ L. 12-13 ?iw 

„ L. ] r w uwT# i|[ciPT 5 rft^^r]^^ra; Irw 
,, L. 20 3T«T for g^: 

L. 21 

Several Arabic terms are used on tlie 
margin on pag*es 89 and 90 of the Ms. Tliey 
are as follows : — 


w II 


( The copyist seems to refer tiie reader to 
L. 11 of the Ms. in which the term R^TJr^rw- 
occurs. ), 

-^2 ( referring to L. I;)), 

*1^ ( referring to 

L. 16), 


'i ( referring to L, 
itRiS^r &e. ) 


( P. 90 yd H referring to <TSffW- 
RStTM L. 5 P. 90.), . 

( P. 90 ) 

Page 146 L. 1 for 
„ L. 3 cfi’i 



„ L. 18 

Page 141’ L. 11 

„ L. 14 is omitted. 

„ L. 25 3fiRF° is omitted in 


Page 148 1j. 4 


5 



Page 148 L. 10 , 

L. 21 ?[5r is omitted. 

Page 149 L. 1 

„ L. 2 5RFilg;^?T’i^ is omitted. 

„ L. 3 is omitted, 

„ L. 5 ?ioigfara 

„ L. 10 ^SfOTH^is omitted. 

,, L. 11 is omitted. 

„ L. 1 5 

„ L. 17 ?rfiS5T^1:?rafrFi52T 

Page 150 L. 14 

„ L. 17 and inserts on the margin 

?fri^r suTTniw ?WRri% ¥r#cr 
Page 151 L. 10 g^: is omitted. 

Pago 152 L. 3-4 isrW'JWm W mm: I 3M 'T!3 5155 
^Triq; I 

„ L, 12 3TT%T for 'afTcrq: 

„ L. 20 

Page 153 L. 9 for 

L. 10 ^^^R55!T1 
„ L. 14 JT«^ is omitted. 

„ L. 24 3Tftcf for straii 

Page 154 L, 3 

,, L. 11 

Page 155 L. 4 ^ after 3#>): is omitted. 

,, L. 6 »raw: 

L. 8 5511^ for 
L. 9 cf^ is omitted. 

L. 21 for ^#I?iT: 

Page 156 L. 6 ^f%®Trf: for ■ 



136 


Page 156 


Page 157 


L. 

L. 

L. 

L. 


Page 158 


Pacre 159 


Page 160 


L. 

L. 

L. 

L. 

L. 

L. 


Page 161 


L. 


16 cr«rr for crlwifer 

17 'srrar is omitted. 

7 for 

19-20 srwnw 

1 -2 S3ffl[ %fl, 

7 for 

17-18 srgJWfiT^'^SJWFl^T: 

23 

24 

20 JTfrfcfRaiiTJT 

1 4 Before gq: 3?c[FT° the Ms. inserts 

3T5Pwnwi ?f«n 

REtr^: ^^smFur 
1 7 for %^q; 


L. 

L. 

L. 20 iqEtT%^;q% JTsrr 


Page 162 


L. 

L, 


1-2 “^[qq I 
17 5 i^aiq[ for #wq: 


Page 163 


Page 163 


' ?>■ 


Page 164 


L. 

L. 

L. 

L. 

L. 

L. 

L. 

L. 

L. 

L. 

L. 


2 ^r^stftqq. 

3 is omitted. 

7 qcST is omitted. 

8 gq: q^RFcRJ?: 

14 5ra55q[ for %5fq; 

15-17 is omitted. 

17 aqqq^ 

18 

21 cT^ is omitted. 

7-8 {^fg^aqmq ^fjrEqfe- 

gRifer q?fr; i cT’fqRi 



ll 


Page 1(14 Lv 1 1 5^ is 

L/ 15 ^3rarsri^eT%'’ 

L. 20-21 f^^:5TRji[gq; for 
L. 22 55^55*1, for 
Page 1.65 L. 8 %«r 5|:3° 

L. 8-9 =1^^ srsifiTor” 

L. 15 ^ra^ai^for 

Page 166 L. 4 strail: 

L. 14 

L. 10 5ra^5Rtfor 
L. 13 %^is omitted. 

L. 16 for 
L. 17 5ra55Ji:for 
Page 170 L. 

„ L. 14 is omitted. 

1 

Tu. 2 m for m; for #i#r 
L, 3 ^ $t«W3ii%^q: for qft:*TrTr 
L. 18 

On the margin P. 107 the Ms. has a«t*lTf^ 


Page 167 


Page 168 
Page 169 


Page 171 L. 


„ L. 20 

„ L. 21 for t=m^: 

„ L. 22 ^T5r for ?rg. 

L. 23 ci5r for <fft 
Page 1727L. 20 gg: 

Page 173 L. 3 
L. S 

Page 174 L. 1 

L, 22 g^t^(RRJ55iT.. 

Page:17:5i P.:' :4:5^r^fe 

L. 4-7 The portion from srsni#^ 


13S 


Page 175 L. 

I L. 

Page 176 L. 

1 L. 

L, 

L. 

Page 177 L, 
„ L, 
Page 178 L 

JJ 5) ^ 

Page 179 L 
.. L, 


Page 180 L. 

M )> 

>5 J) 

Page 181 L, 

. . L- 

Page 182 L- 
» L. 
T 

, ■ ±j. 

Page 183 L. 
» » L. 

L. 

Page 184 L. 


Page 185 L. 


L, 

L 

L. 


to 3T^>q^g with ?r?r (L. 5) omitted, 
is found in the Ms. after grfrtr 
¥ff^^rr: ( L. 11 ). 

1 1 is dropped. 

12 ?r^ and ^ are dropped. 

11 

13 “M's-TTJfrf? 

19 

24 before omitted. 

2 for 

25 cT^ for ^ 

1 

1 g'cf^ 

5 for %5ri|;. 

21 fl^^TSRiR: 

4 

25 JTf* 

14 for %5nj; 

18-19 

7 3T?[ir£®^555T%^ 

9 for %5rJ5r 

15-16 3i;0ii’q4%: i ^ #%r2Tr i 

3r^!5!#^: I after 

17 

14 

18 

11 sjFBsq- for 
16 cl€t#T: W 

8 for 

13 is omitted. 



1S9 


Page 18 5 
Page 186 L. 9 

„ „ L, 10 ?rJt° 

„ „ L. 12 

Page 187 L. 1 

„ „ L. 5 551^ for 

„ „ L. 25 %5r54 

I 

Page 188 L. l^r^^fort^ni 
„ „ L, 18 ^57^ 

,, „ L. 24 for gw 

Page 189 L. 1 The MS. inserts g^Ff g 

after 

„ „ L. 16 after the MS. inserts gpiC^’^Ffl 

5sr#^®7RTsFiT gf^j^ 1 
Page 190 L. 23 5r<:<^rf%i«itsftr 
Page 191 L. l«sii^for#^ 

„ ,, L. 2-3 

Page 192 L. 9 The Ms inserts ggRli^ before 
which begins the line. 

,y „ L. 10 gwfir for 

The MS. has on the margin on p. 121 
dealing with prop. IS and 19 Book 
VI. 2?!^ 5f«nT%^ 
g^Prf 1 

Page 193 L. 12 g^[#T 



140 


Page 194 L, 4 ( These figures are rect- 

angles in the MS. ). 

„ „ L. 6 sTsmR^ 

„ „ L. 11 

„ „ L. 15 

Page 194 L. 20 
„ „ L. 21-22 

Page 195 L. 18 
Page 196 L. 4 u 

Page 197 L. 11 °i^Eifi%5r%53Tr%r 
Page 198 L. 17 cT^r ^T^ftwrr: 

17-18 ?ra: ?rsrr w 


The figure for Prop. 28 in the MS. is as under 
■sr g" 




\ 









^ W ^ ^ 

Page 1 99 L. 3-4 ^ ^1755^ 

^i4i3; 

„ „ L. 8 TRtt for 
„ „ L. 9 for 

L. 10 for ST^itqfi: 




,> „ » « for 3ffqFr%5f 

: » » » « 3TfT|#r" for f 

for 

Page 199 L. 

Page 200 L. 1 

Page 201 L. 4 ip^oig^aff 




Page 201 L. 6 before irit is dropped. 
-•> » P- 9 ^Riq; 

)) P. 11 

jj „ -L. 18 

Page 202 L. 14 iawRFcjfer: 

” ’> fl^prjp-: 

Page 203 Ij. 4-5 i 

I ?Rirr? 31^ &e. 

Page 205 L. 4 W3r5r3T%w%fr° 

» « P-21f;fj^7^^ 

Page 206 L. 2 
JJ j, L. 8 ^rw*‘ is omitted. 




ERRATA. 


Page. 

Line. 

Incorrect, 

Correct. 

.. 5 

4 


rT 

17 

11 



21 

25 



27 

12 



80 

17 



31 

14 


gsHgJW^ 

69 

16 



70 

15 

€WT#T 


72 

6 



75 

5 

0 


76 

22 

After insert 

104 

23 



106 

7 



108 

17 




21 



109 

3 


m 

111 

3 




16 


m 

117 

4 

3??t# 

3T5T%" 


6 

3T5t4t° 

aFTfi” 

J' J : . 

122 

10 


^a[^#Ft5T 

124 

8 



128 

22 

cTC 

mi 

133 

17 

5!tOT° 

,"%|5OTf 

138 

9 

qi?fII5pRWR° 

w5W3pRi'*n5i^'’i' 

139 

: s 

uga?^^ 


140 

20 

31^ 

■ 

148 

13-14 

: 




148 23 gfJUTtW 

154 16 cri9Eini.l 

155 24 ^ 

157 10 

163 21 Name tt 

171 22 

175 14 3T 

177 - 2 for 

181 5 35r:?r3f° 

« 18 sTOR^'Jirt 

184 The line ^ST should be equal to 

187 13 read the line 3?^. 

189 12 3R 

196 10 

199 II 

204 7 



